
4 Entanglement conversion quantification

alluboduohmandse.hr

Entanglement those properties of a system which

cannot be changed anyoperehnasae.dei umcehn Loco

Note This is typically
the definite of entanglement

Quest When and how can we convert entangled

Maks onto another by
Lo Ce

Rd
Different protocols might require different

deeper or more expensive entangled slates

We can easily produce some entangled state but

need a different one

Can be used toquantify entanglement via

conversion rate e.g to some gold standard
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for restance how
many e 6h ft filloo Hies

are contained in a state And is there a

meaning to CX contrary 0.7 e Ssb

ht as first caned

knownfrom ChaphI
Saree Schmidt States can te concerted

coefficients by local readers

sudden of loco

Querhani What if Schmidt coefficients are different

Examplei IN FI too tf 1hr3

of felon fun
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Question can we do lol'T 1 7

i convert using CC

A does POUM No Me3

n f ri ni f ra
Post measurement Rates the a CM I lofts

tied traffsloo Fsln

If t too tf 1am

D po Yi Ho Ion tf he IX
SUCCESS

p 42 bye fttoo tf lie

wrong Hehe Let right Schmidt

coefficients each fixedby local waiters

specifically A dB need to apply X X

140



probed for conversion lofts 1 2

A does POUM No Me

A sends beer outcome
to B

If result is 1 both apply X

Success probability papotp 1

Notes This is the best possible since POUM cannot

recreate Schmidt rank we cannot get
more than one copy of loft with any prob

Questa 2 Can we do 1127 Lefts

A does POUM No Me

no T d ni f
vs 1Er Fl look has

teen fly loot
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Outcome

Ipo E Iyo left succeed

p
e ji 14,7 lot X Taine
no eat left cough salvage state

Holler IN jolt
A does Poon Ino his

A scads result to B

If result is O they have obtained lofts

Otherwise they declare failure

Success probability p Po

Aloter Will see Reis is redeed the best

conversion role possible

Bigdrawbacki Conversion is reotreverate we

cannot use it to attach one number to

an entangled state line quantify entanglement
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b themostpueretprohocol

what is the most general CC protocol

Pour Ah send reniti

they
pom gig eep

Pain I 3 Ti
deep on it I I Diet

Ck a e

this can go
number of rounds

Total map implemented

pts 2 Cit Ai l Dieters C t Jt
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Ue Armature

Limit closure over N rounds

Can we simplify this

For general mixed
thanks Pag no

But For cc protocols achy or pure slates

147ps a significant nuiplifiaba
is possible

theorem For a pure
state 147 acey

cc protocol

above can be replaced by the following protocol

En

send kpour MI

appey unitary the

147 Musella 147
whee Ma is a POUM and the Ua are unitary
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Thats Alice does a POVM LRea sends the

result to Bob and Bob applies a unitary Un

This only requires overawed
and only

one way classical coueueauieo.hn

Proof Keoweework

take Any state 1 2 can te written as

1 7 n I left LI N Ift

A can use this to
simulate 4 any

lucas of B through a diff wees

on her side if hate is Kanon
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98cagnorizaha
Can we characterise the optimal single copy

conversion protocolsfor pure Dates

Have seen most Haeral protocol

147 IIa u Ua 147

Pu 1114511

with Ira Poum Ua unity
Counts ly Ipu Ha 4413

i e State 1yd af prob pie

To characterize conversion power of cc

Only Blacidtcoeffreia of initial state 147
and final stabs life relevant anything else

cause changed at any time by local curtain
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sdcuidtcoeffz.us eigenvalues of reduced

dearly cicatrices

sa tr 14 41

Say tr theXYal

LOG protocol acts instead as

fa Pu ha a

with puffa RafaRat 2M REI

Theusi To characterise the power of Loa protocols
we can and will equivalently study the

following question

Queshai Given fa and Pu fail under

which conditions does thee eat a POVM Nu

2 Muthu I snel that PuFAk RafaRet

147



or more generally The in I hate Magi I

tied that pie fan Hein ft Matin

This allowsforgrouping of outcomes such as e.g

for the example 1 lots IX

Depalma for de Rado let K HY X

d Zdt Z o denote the orderedversion of d

Define we say that dismaponted

Her or pma d denoted as

da r

iff iz n E pei f k t d

with equality for k d
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Theory The following are equivalent

til Xsp

Iii Heer eaett permutations
Pee and

probabilities go Ige L me that

h Igi Pip

iii there exerts a darky stochastic matrix Q

i.e Qij 20 ZQij 1 Vj Gj L Hi

that is Q describes a random process with

thefully random dethituha
toe ta as

a firedport
such that d Qµ

Intuitively this is saying that when regarded
as

prob distributions dismantle
in the sense that it can te ofteached from µ by
adding on randomness
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Proof
i ii Let Q Ege Pi A

iii7 ii This is Kaoru as BirkhoftReeorae

Every doubly stochastic es of the form QEgerPi

iii First vote that for any d
k
d Z dace forany pen

I

if
hemofk largest knees sum ofany kkrus

Now let di Iqs Psp Then

k

Eddi I gspp.CI Tordery
i i s Some perm I

k k
d

9s 2 Macpscip Ee Z pi
E I E i

k
d

E I ri ra
E I
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i li Homework

ideas find a permutation P s K

Q

ka µgI th g P pl
men consider di D 410m42 Goethe

proceed by induction

TB

i

Rajoritatron defines a patrol on the space

ofprob dishikhas

A µ d more disordered than pre in part it

has Larger entropy made rigorous by wha of Solar

cancan convexity i for a concave convex f x

F d Ifldi fulfils
d µ D F F m

concave Convex
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Raybrisetm can te generalised to peak operators

Deputize for A B 20 we define

A L B as of A s N B

with XDEx the ordered eigenvalues of X

y Fa cuwpm apk

For A hercuitrea

7 djdCa ing
tr AP

where the maximum is over all projectors P with rank k

Proof
Let a ftp.djdh7 ajXajl Choose FIEIg.Xaj1

Then djft tr AE a

ing
HAP

write P z I pixpil with Ipiled oars
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Then pi IAlpes I Kpilaj I d A

Nij
Swee IgnijUI epilajkajIpa epilpatdez

D neg unitary Flu.gr gIu.jT L

D luijl4dmkystodeoha

pilot 1ps L d th

es de AP epitaph e II ditla

Cody dd Atb s dd A t d B

Food is dd ATB puffy
h P Ata

regex
tr PA t wax tr PB

P

Iz di la d B

B
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1 6 6 concerena

we can convert

Its Es Lpn Hid

by Lou if and only if

helps E puddle
where f e ta lyXxl he ha Huxyal

Inguaalues of halyXxl and his
14441

are the same But niece Alice does POUR

Lacey he will facilitate
the proof

Proof
1 A does some POUM Mu Then

Is paddled I d Gaal

it ddltra.hn IIkX4lCnut II
use cycle of train A
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97 at 4.1 utnu.I HKD

idle

Note this also cooksof Ahle bus outcomes i.e

performs Megia where for a gun 4
all ice together

with Bob's Hagia gie the sauce 14h7

Sma dt qiu is the same for all nie fixedh

ad ht g s Ipu d he

r Fpj g s k ddG F 9jPjpuddle

V dog
we can attune f p are drajonal

i.e f drag Hel et since only the graders

matter The corresponding pours 1Mal a related

by unitaries Ma nos Unthew

Furthermore of dt p lies teros i e zero eigenvalues

If ReddGn and thus each ddlez must have
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at least the same number of zeros truce d4e 52ped4q

We can then discard those teas i.e POURads

finally on those

Thus w lo g g has full rack Converhke

Define POUM Inuj via Muji Fy ThePj
Then ftp.jniijnaj fg yFpuq.PjsuPjty

gfzfudeaylddlppa
shark

D
2g MajMay I

Further Maj f Maf pu9jfu

Tj Miggrig Pusa

D by Sinuiry all j outcomes for fred le we

obtain POUM for g Pu Su i.e.ly MlPu.l4ad
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Examplei

Optical rate for I t E f
vectors with Shinier coeds

E E e EE a prob su

E's s 5 It t th ol G
i prob V

wax possible
value

we also see that thuriolt rank cannot be

increased e g Can we do

1ft Fsloost Fsln

K h o o p f Htp sk

fimposoike
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dt pre.tocols

Single copy entanglement
conversion

ecotreverake 1

Eg Ht Ix FE loost FILM

need test for
u 4

get Yzektfrom

Entanglement is lost

need at least two unuefers to quantify

entanglement 1

ebb needed to build Dak

ebb exhaetate from state

can we do better if we work with ivory

1 72 p Iti't p Ift
t

1 7 7
p Ift Ftp If'T t
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Average yieldof max cut Bates left

A of ebb per copy of 1 3 i

Pi t 2Pa t 3ps t

k a

ofcopies

E g for 1
3

3

et II II Ea II s

Psl't te te t t t t It

petty te te f o o o o t

Pi K L O o o o o o t

Po 1 o o O o o o o

Il
I pups
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ps
8
27 PE 427 Pio Po 427

gins a valid solution

3 7 t 2 7 56

a a Hi

Improvement over single copy protocols

How good can we get by using
N copies

Requirements for asymptote protocols

convert loft
M

1 5 with a

rate R lieu o as N M 0

Need not be deterministic

Success probability p 1 as n n
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Need not be perfect

Require that distance 8 from correct state

goes to zero 8 o es N n

Note We can afford these ruperfecheres
since asymptotically they vanish Hot creamy

ful in finite copy scenario

How can we measure error 8

Dekha Fiz For two dates 147 and 147

F 124147T is called the fidelity of

147 and 147

Lee d A F Sounds the error on any
expectation value

1 41447 collotts e 258 holla
Howerik Holt sup the operaterwome

161



That is 8 Sounds how well we eaa for cannot

distinguish to and lip by auyp6 d

Proof Homework

We use 8 1 F to measure the error

and we require a good Hotel dethance
n e

1ft
em I 0ns a IX IN

p 2

Kant 1 7 11 z

and vice versa

Let us nor condole some state

d
1 7 2 Tpt 1 7 1 7,3

A 1

Then IX I.q.fplx.I.pkJlxi yxn7alxn xn7s
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i e the probabilities pkg xn associated to a

configuration Xi Xn describe independently

identically distributed ie'd random variables

with prob p xi

T umteos Lw

ht x be a random narrate with prob pCx Then

He o Vd o No VN7No

prob Xi EG f e a 8

where EG TypG x

proof probability theory

How are the outcomes of au ii d source desbikkol

What is a typical of an aid source
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Eagle X o L P o p p A p

k thees outcome O N k thees outcome L

Rob pk e p
N k

possibilities Te

D Binomial distribution

totalprob for k O CN k x 1

pk e p
n k ne

rn
I me vida TruI

d p N

i.e for large N we expect that ten p with

high probability 1 as N so

I
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que

Typicalhoutputi Expect output
x N.pk trues

play xn apex plain pH
NP

p d
NPH

D log plan xn a N f IdapHlog pk
s

our logs Htp Stacey
are base 2 entropy of p

D we typically expect to see x xw with

PG a z
NH p

and there are 2
NH p

such typicalsequeuces

More formally this is defined as follows
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t ymdeqeee.us
For ace iid variable x we say

that xp xn

is an e typical segaence if

i
NCHp e

2
N HIP c

pka xn 2

we denote the set of e typical sequences by TINe

Hear
E otter o F Nott N Z No such that

d a random sequence Xi Xn of length N

is e typical ofprob ER oh

2 e g 2N HCP E
y yµ eye 2N

HG e
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Proof e logplan is iid cremate ftp.ob.pki

END He 8FNoVNZNo

prob I log plan Ef Ggp e er

logpea xw a plxlfcog.pk

Htp

D prob I In cogpcxq.mn Afp f e Ed

D w prob Z l P

N G te e logply xn E N Hp e
as

2 12 I play exn
4 in CTCN e

Def The
2 I z

N Hp e

TIME

fT N e l z
N Hep te
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t d Ige PG xn e ITCN e I 2 NCHCpl
e

s

E typical sequence x D GP Y e close toHG

Asymptotically a sequence
is e typ.edu p 1

and there are 2N P
e typical sequences

Notes Typical sequences
are an important concept in

classical information theory
date compresses ele

Application of typicality to entanglement caveman

1 7 I FPGA 1 7 1 7b

n 1 7 ftp pk pTxaskn cxn7akn xn3s
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Fi some E S O and d 0 aced a matching No Let

r19µs 2 PG pkn 14 ke Xan

Xp xn CTCNe

m

ldn I
FLinton

we have for N 7 No

cont MN amor
Pki xn Z t I

for N No

and 117N e I 2N Holte

That is lastedof converhy If'T 1 5

we can instead comes left I hear

as the error I can be taken to zero

169



to do an IX

A prepares liar toady teleports Bob's pet to Bob

uses M log INN e 1 N H p te copies of 1ft

liu Mj H p t E eutaeyleeueutdraha.ro

five acey
E so admissible Can achieve

asymptotic rate Rogue Hcp for eat dilution

Alternatively use majorizhan same result

Protocol for 1 5 stop loftier

Can consider 1 7 as fiddly 1

Tdp 1T Nie Schmidt coefficients

largest Schmidt coff E z
N Hcp e

p Hair Cager Schmidt coeff
e If 2

NCHG e
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Choose M s K IN Hcp e
z

m

2 7,2
n

n 2
n
o o E Schmidt coef of1 7

2h times

D can convert Ida to 14 50 by Loca

Protocol i A projects onto E hyp subspace

obtains 1 7

i.e POUM Mo Te hyp Me I no

iit AIB convert tons to 1ft
n

Protocol works for Acey M E N Hhs e Log l s

D Rate R liter of Afp e Ve o

Asymptotic rate Reem thp for entanglement elishkaha

he Asymptotically fi e N M 7

H pda
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Is this opt
Ged otherwise we could go in cercles and

increase of left m everyiterating Loca

Y

Notei Insteadof the Kamen entropy Hcp

we typically
use the

S p t flags

since Ggg is defined in the eigensers we have

tr flog g Epilagpi with Cpi ang e

ie H p SCtralyxyl s health

Notes This protocol allows us to go dehreea auf

two states 147N and 149 asymptotically

reversibly provided

1t.lyynsnsXol
by gerry una 1ft K
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S Iv 14 41 E lys can thus be seen

as a unique measure of entanglement
on a

asymptote cc setting

keyelt Theeutropygentanglemate
hp S travel s trowel

uniquely quantifies
the amount ofentanglementin a pure bipartite

state in an asymptote

setting

End 414

24.1120202
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