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Problem 4: No-cloning theorem.
a) Show that it is possible to build a cloning device which can copy all computational basis states {|ii},
i.e., a unitary U such that
U |ii|0i = |ii|ii .
Give an explicit construction of such a U for qubits.
b) Show that such a cloner U can also be built for any other ONB {|φi i},
U |φi i|0i = |φi i|φi i .
c) The no-cloning theorem states that there exists no unitary U which implements U |ψi|0i = |ψi|ψi for
all |ψi. Show that this even holds when we allow for an additional auxiliary system, i.e. there exists
no U which implements
U |ψi|0i|0i = |ψi|ψi|γψ i
for any final state |γψ i of the auxiliary system (which can depend on |ψi in any possible way).

Problem 5: Bloch sphere for mixed states.
a) Show that any hermitian matrix ρ with tr ρ = 1 can be written as
ρ=

I + ~r · ~σ
2

with a vector ~r ∈ R3 .
b) What are the eigenvalues of ρ? How do they depend on |~r|?
c) What property do the points ~r for which ρ ≥ 0 satisfy?
d) Interpret this in terms of the Bloch sphere: What do points on the inside or outside of the Bloch
sphere correspond to? What about the surface of the sphere?
e) What is the interpretation of the point at the center of the Bloch sphere? What is the interpretation
of points along the z axis? How does this generalize to other points inside the Bloch sphere?
f) What is the location of a state ρ = p|ψihψ| +
P(1 − p)|φihφ| in the Bloch sphere? How does this
generalize to general convex combinations ρ = pi |ψi ihψi |?

