









































































































































Icom punting and lgonhus

1
Thecircurtmode.la

asscacmputaton

Useofclassical computers abstractly

Solveproblems compute functions

f 20,13 20 13ᵗʰ

1 x1 a to f xm Xn

The fact depends on the problems we

want to solve I encodes the Place of theproblem

Eg Problem multiplier a b a b

1 11,1 16 41
encoded in binary

Chapter IV, pg 1












































































































































Problem Factoritat

integer ft i lot of prime factors

suitably encoded

Each problem is encoded by a family of

functions f f 0,15 20,13M with

a poly u h CCN one for each reput site

a m grows at
most polynominally with u

technically Fa o s th o

Technical port It must beprostate to construct

the functions f
G

systematically and efficiently
9

see Later

equals do we need to compute a

a f

Chapter IV, pg 2












































































































































i f 10,13 20,13m

f x f G tall fuk

where fuk 20,13 20,13

can restrict analysis to booleantrenchers

f 20,17 2913

Iii Define L 2411171 11 27173 ye

Define Ey x
0 5 I y

1 j I y Stuse
equality

Then FK Ey k v Ey e v udyed
v logical q

O v0 0

Or I A
o false

y v o 1

a true
r v 1 1

u is associative

a v b u c arb ve a v she

and cake a vb bra

Chapter IV, pg 3












































































































































iii Define bitwise 8

dyk f I
y

Then

Iyle dy Kil n dy kn n r n Pyaku

n n Logical and 0 no o

O false
or I 0

I true
1 no o

l r l 1

n is associative cowcueutehre j

n d v are dishitutire

ar b re ane v bae

tu essence same rules as a o v t

n

dy x

it y z

µ
I y o

Chapter IV, pg 4












































































































































1
logical not i 70 e

T 1 0

fir

Ahoy flat cause constructed from 4chfredreet

and or not gates

plus a copy gate x Cx x

This is called a eset

Notes In fact already either 7 x ny head

or n xvy
nor are universal together

with copy

Thisgives rise to the

circuit model of computation

The Leuchars f f
G which we can compute

are constructed by conca gaksfrom a

Chapter IV, pg 5












































































































































simple univalgate set e.g and or not copy

sequentially in time i.e there are no loops

allowed This gives rise to a ct for7ᵗʰ

The difficulty companhares of

a problem in the circuit model is measured by

the reunter Kla of elementary gates
needed

to compute flu I of time steps

We often distinguish two qualitatively different regimes

K n poly e efficiently solvable IP

easyproke

Kla poly a e.g
Klm exp ut

hardprofe

Technicalcote We must impose that the circuits

Chapter IV, pg 6












































































































































used for flu are uniform i e they can be

generated efficiently e g by a simple in independen

computer program More formally flat should be

generated by a Turing machine

Emple
Emr

Efficient
1 01 10 e

ins

ee 0 c gate

factorization

Eg Sieve of Erathostenes

20,13 try about 125 2 cases

hard exp scaling

No efficient algorithm
know

Chapter IV, pg 7












































































































































Is a typicalprobley ease

f 10,15 Lois

of defeat f 2 KI
T of inputs

fun 19 forFifa
u

But there are only qP
circuits of

length poly14 g elem gates

D As u gets large most fcaeee.UAbe computed

efficiently lie ink poly a operations

Does the computehoralpowerf depend
on the yakset

NI By defreiha any
universalgate set can

simulate any other gate
set with constant

overhead

Chapter IV, pg 8












































































































































Reueak i there is a wide range ofalternative models

of computation some more and some less realistic

CPU

parallel computers

Tunny machines tape readtrite head

cellular automata

a and lots of exotic weasels

Duty All known reasonable models of computation
can simulate each other vile polyle overhead

same computational power on the sense

above

ur Reeks AM reasonable models

of computation have the dome computationalpower

Chapter IV, pg 9












































































































































bReversilecircuits

Forquantum computing coming soon
we will

use the circuit model

Gates will be replaced by cars

But Unitaries are reversible

while Cletus and or are irreversible

Could such a model even do classical computations

i e can we find a universal fate set with

only reversiblegates

YES Clascompute can te mov

IFFoliate y y
z

toxy
also assoc XOR addition mod 2

REF.IT Ef olike v

Chapter IV, pg 10












































































































































Toffoligate is reversible

it is its own inverse since fax g to
x.y

Z

Toffoligate can simulate and or not copy

by using ancillas m state 0 or 1

Ef x x

i i FITok.g nk.rso 1

copyte nad

D gives
reversible universal gate set

but requires anallas

This can be used to comprayf eversky

using
ancillas with essentially the same of gates

f x y 1 e y
bitwise Xor

Chapter IV, pg 11












































































































































Lea Replace any gate by
a reversible gate using

ancillas Then XOR the result onto the y register

Finally run the circuit backwards to uncompute

the ancillas Ancilla count can be optimised for

of Preskill's notes

Everything can be competently
BUI It gate is Fed

Homework

cQuantumGrand
Most common model for quantum computation

Retd
Quantum system consisting ofqubits
tensorproduct structure

Universalgatesets 241 43 of

few qubitgates typ 1 and 2 gutt gates Mg

see later for definition of universal

Construct circuits by sequentially applying

Chapter IV, pg 12












































































































































elements of S to a subset of qubits

14ms VtVia V 14m

My acting on subsetofqubits

Initial state

14ms Ixike Was oct 10
117 107

ancillas

encodes rustance ofprotle

alternatively we can also have

14m Q lope

and encode the instance on the circuit

At the end of the computation measure

the final state yous
on the computational

basis 107,1173

outcome ly w prob ply y top

Chapter IV, pg 13












































































































































Notes This is a probate scheme it outputs

y w some prob p y In principle we should

compare to deprobabilisc schemes see later

We need not measure all qubits

not measuring tracing measuring and

ignorily
outcome

POURS don't help we can simulate them

Naimah Similarly CP maps
don'thelp

we can simulate them Stonespring trace ancilla

Measurements at earlier times
don't help Can

alwayspostpone
them they commute Ifgate

at later time would depend on meas outcome

This dependence can be realised inside the

circuit w controlledgates

cf later homework

Chapter IV, pg 14












































































































































Whatgate set should
we choose

There is a code ofgates situation

lunch more rich

Dfetnotionsfunersality
exist

exciversalty Any a qubitgate can be

realized exactly

Requires a continufamily of universal

gates counting argument

appo uivralty.my
a qubitgate

can be approximated well by gate set

Finite gate set sufficient

foloray aev theore.ee approximation

m 11.11_ Nor of 1 qubitgate requires

0 poly log gates from a

suitable frute set

1 and 2gehtgates alone are universal

cf classical 3 bitgates needed

Chapter IV, pg 15












































































































































For approxinateminrsa.by defy
and

two qub tfak.dk w profit

More univ sets later

d Universalist
our everglades
i 1 qubit rotations about

X Z axis

Rx e I

Rz e z z I

For M I e call I is M

Rx f
isink

isnt castle

Rz
e

e

Chapter IV, pg 16












































































































































Can be understood as rotations on Block sphere

about X Z axis by angle of i.e rotations

m 50 3 84 2 22

Together Rx and Rt generate all rotations m 80 3

Ehler angles and thus in 84 2 up
to aphase

Ema For any
4 84 2

a e Rx x Rz p Rx 8 for some 4 apr

Proof Homework

ii one twoqubitfate almost all world do

Typically we use controlled NOT CNOT

x

an

y xey 0010

coot flips y off L classicalgate

Chapter IV, pg 17












































































































































Can prove
Thisgate set can create any re gets f

U exactly 1st of course not eferenty
y

has 4 real parameters

Overview of a number of nuportautgates
identities

Proof check
Haeecook

Hadamardgate H

H Ht j HEI

HR.to H Rz o

HRz fHH
RxCoHGraphical

tbuoheha

D TED D

beeportantinatna
rotation true goes right to left

Chapter IV, pg 18












































































































































Circuit notation true foes left to right

I
ya Klout Us Uil 14ms

F
Has 12 17 175 Hass

0

I I t
i

only appeal to controlled Z
Lud geht i e a controlled Phase

I H
ez CPHASE

t.IE iE

Chapter IV, pg 19












































































































































Generally For a unitary U 86 2

fIt
controlgust Eggy

men

Can be implemented w 2 CNOT HW

Also for UE fu 24

T f.tl

m EE

Ece

FIT
with v 1 Itix

Ie
Given circuit for U in particular a classical

reversible circuit we can also build controlled U

Chapter IV, pg 20












































































































































Just replace every gate by its controlled version

in particular Toffoli by

IFf
Toffoli w 3 controls can be built

from normal Toffoli
wox.y.it once class universal

Finally some futheappox.eu
NOT 2 random 1 quietgates

CNOT H T Rz
5
4 gate

Chapter IV, pg 21












































































































































Erad bardalgonths

attenthalgontha
Consider f 20,13 20,13

Let f be very hard to compute e.g long circuit

Want to know Is f o f s

e.g
will a specific chess more affect result

How often do
we have to run the circuit for f

evaluate f We think of f as a blackbox

or oracle Howmany oracquers
are needed

Cally
we clearly need 2quents

compute flo and f 1

Can quantumphysics help

Consider receptor of f

f x g x yof x

Chapter IV, pg 22












































































































































x

y 1T
W yinkly off

yoff

Of course we can use Ug to compute f o

or f t on a quantum computer but this
we could

also do classically So can we do better than this

Try to userpostonsampub

Fcps

10711

i

1 gif

los I

1071 to 03103 117107 to 103110 11311117

Have evaluated for M tput

Chapter IV, pg 23












































































































































But how can we extracttherelevantinformatil

from this state i.e do a wearent

Reas 12 comp basis collapse superpos to onease

More generally If 11 17 the output is in

S 103107 1171171 10717 11310

and for fee in

S 1 7107 1 7117

Is not orthogonal i e not determ

distinguishable

But We can do measurements which

with some profatility allow
to conclude

that f o f c or f o FC

E g
all states in S are orth to

R 103 Hla and all states in S

to R 2 10710 11417 103117 11303

A POUT which includes those outcomes

plus an extra fail outcome allows to

Chapter IV, pg 24












































































































































unambiguously identify whether flo 7 1

with some protability

Optimal success probability
Homework

While Red is impossible elastically it does

notgive an improvement on average

If

Etta

me

D

1 7021741

1741
0 W

fk L k

1 7 1 11

Chapter IV, pg 25












































































































































filet Ks

Not useful ty itself ft only encoded in

glotalphek for each clasticalmput Ix

Contrecoup

FI

lotte lots ios in

talent lost tenth last

It lo fi Hs los 117

TTz

Ems
No entanglement created 1

Chapter IV, pg 26












































































































































2nd geht the one where Uf outputs

the funchanalue is unchanged H

les gehtgets a phase
ft

pha Eoe

Stategeorgetstiflo
ful MILI up to

irrelevant

flat 4111 as Hr thosephase

Othogonalstaks
1 D measurement of IAgeht

in Sans Its I 73 or apply B measure

m 407,1171 allows to decide if flo
E flu

Deutsch

II.IE

hE n n

In

Chapter IV, pg 27












































































































































output i o D f o fee

2 1 D flo f ffl

cheapplicabre of Ug has seen infront

Speed up compared to cbss

l us 2 oracle queries

lutenestrytonotes
2nd goth never needs to

be measured and it contains reomformat

Te mnfLh

Use input 21 3 to

evaluatefonalempubsimultaneously

This parallelism alone is not enough need

a smart way
to read at the relevant aformoha

However a constant speedup is not that repressive

in particular it is highly archikoke dependent

Ikus

Chapter IV, pg 28












































































































































1 12 Dec Jonalgorithe
Consider f 10,15 40,11 with prote i.e

a condition we know is meet by f that

either e c f constant

or 14 1161 0 fG 151 f Salanced

II Is f constant or bland

How
many queries

needed

Use same ideas Input I and

I

in 1 1 1

i outputint a ae
in F

Mf ly Wly off

Chapter IV, pg 29












































































































































Before analytry arcee 2 What is acha

H Ks Ir Sly

Heh la xp 2 HI T ly ya

Toriles 2 t
t
ly

where I y
X y toXzyzto XuYu

scalar product
read 2

Fcs NET a scalar product

Analyssofarcutt
we omit normalization

I les
HEH

Its ios Ies
E phaseLich See

It 2 Eh Ies lo HD

IE
Zz

If Fly ios Ies

ay

Chapter IV, pg 30












































































































































py layl is the probability to measure y gi ge

Instant f e c

ay i E 1 1 dy e

Te

fenced

For y a a
1 I

I 47ᵗʰ p 0

flanced

These

Output y f constant

Output y Q I balanced

We can netignly estingesh the 2 cases

with onegerytheoracleford

Chapter IV, pg 31












































































































































what is he speeches

Quanta 1 use of f

Classical worst case we have to determine

2m t l values of f to
be sure

expires
But If we are ok to get right answer with very

high probability p l terror then

for le queries to f

perror a 2 LEI
aprob to get lex same

outcome

for balanced f if had

Ie k n log perra

dc Much heller speed up us

randomised classical algorithm even for exp

small error k n u oracle calls are suffered

Chapter IV, pg 32












































































































































In'salgonth
a willgive

us a true exponential speedup

also rel he mandated class algorithms

in terms of oracle queries

Oracle f 0,13 10,1

with promise

Fate s K FL fly exactly y ate

hidden periodicity

Taste And I byquerying f

Classical Need to query f Ii
nahl pair Ii Ij

with f ai flag is found

Roughly
k queries 4 ite n k pain

for each pair prob Fei f x a 2
a

Psuccess
n k 2

u

on weed k n 2 genes

Chapter IV, pg 33












































































































































Oealgohn firm's algorithm

i Start with E E 4 101

ii Apply 4g 117177 1 17 16

Mf 7 102 a FEB

in Measure Collapse onto randy f a

and thus random Xo

Register A
collapses onto

1 Σ 1 7 1 3 1 097

f f60

How can we extract

Meas in comp basis collapse on rand to useless

iv Apply
H again

H last was

l

Ez

Chapter IV, pg 34












































































































































r In't a
7
lys

2h
a y

1 0

If Σ 41
7
y

4 9.720

v Measure in complass

obtain randomly s th 9.7 0

n 1 line redep vectors Yi over 2 s th 9 ye 0

allow to determine a solve lin eg e.g

Gaussian elimination

Space of low dep vectors of k vectorsgrows
as 2h

0 1 chance to feed randomly a low mdep vector

0 a random y are enough

Chapter IV, pg 35












































































































































Olafaradequens are enough on average

Classical 2 queries exponential

Q c'in queries speedI 0

in termsof oracle queries

Note We don't have to measure B we

never use the outcome But Derivation easier

this way

H I discrete Fourier transform over 227

periodfinding a Foretaste

Chapter IV, pg 36




































Ethe quantarransford _pend funding
ador's factoryalgoriths

Can we
go beyond

Fourier trafo on 22
to Zn for N 2

What is the right transformation

Can it be implemented efficiently

What is it good for

a LuntumFunefasore
Discrete Fourier hate FT on CN

Xo Xn C

y yo you e en

FT F x y s.k.ge Ixje
Definition

Iii E e 1h
QFT

Further reading:

A. Ekert and R. Jozsa,

Quantum computation and Shor's factoring algorithm.

Rev. Mod. Phys 68, 733 (1996)

https:///doi.org/10.1103/RevModPhys.68.733

Chapter IV, pg 37



Ibsen

T.gxj.ptszg.ewJYNlks Iyalk7

i QFT a.ch FTmaup62edes

Computationalast of clout Ti

0 at operations

N n 2 as exponential in f of b m N

Fast FT FFT only 0 N logN

but the

0 w is Lower bound minimal time to

even just output ye

W QFT cause meplemented on a quark
state in 0 ri steps

exponential speedup

But only useful if input is given as g Date

Chapter IV, pg 38



Steph Reankofthy
Consider case N Z

Write j ek
m tray

j jejj ja ja 2 422
Z
t just

Decimal point reotaba

O je je g I Iet 4jet t

2
ja

Then

li t eat i µ
o his in

E emit
Ete u

feminine key

ftp.T.e2oiike2 elkes

Chapter IV, pg 39



If If Lio 1h e

j 2
e

a e ja et ja
merger

ehiilj.IE e2iifmkguto.ju eH ju

eUTi0oju etg ju

to tem In yo em O'Jutting
D r e

R Fr

107 tem O'JijanjuIn
n B

Fz

Apis keeplement this asacin

Consider first only nfht i

em O'dish Jun em he In
a
107

52 re
pi

lo't

ft
kµ
y

1oz emit
L earthen

Chapter IV, pg 40



iii B D.IT
lis

1
1

1 j
i

Rd µ ewi.si

Ahaofgaks
Hsljis to em In

c Re to ewio.li rs lja Io teh b Ijn

c Rz to emo.tk ljiljprsflo7tew9iJiJ3h7 ljeYjp

and so on

outputs the n k geht of the QFT

on RAqebit

Continue 2 this vein

Chapter IV, pg 41



I.pt
aa a

mnim

Iii HE IE
teio.iis ye

f i

10 ehio.jo
n gates

Gatecount v21 tact

Notes
Output qutibin reversed

can re order of needed swaps

Ira
1 T can flip C Rd fates

A

Then uppe line acts as control on comp basis

If we measure directly after QFT in camp

basis we can measure before the C Rd

gates control them classically

Chapter IV, pg 42



FEETTHEREli
2 FEB 17

Only onequtitgate needed

where is thequantum
ness

bPeriodfinding

Applicationof QFT Find period of a function

of Simon's algonth

Consider a periodic function f IN 0 M 1

such that r 0 with

f x f xtr and f x fly otherwise

On a computer we can only compute f on a

truncatedreport

f EEE

Chapter IV, pg 43



heparticular the periodicity of f is broken across the

boundary if we think of f x a f xtr mod N

Can we find r better than classically

i e with much less than n r queries to f

Choose a such that 2 v

Takhisspecflter Goal imperfection at hand negligible

Note Since we do not know r we need to know some upper

bound on r e.g we can use that r M

Implement Ug on quantum computer as before

Mg Waly Waly of 77

Algorite
Hadamard on A then 4g

22 21 7107 2k f x

Measure B register For result If 8

A collapses to

Eilothers

Chapter IV, pg 44



here Ostoar and 31 1

Apply QFT

If Es e les

ÉÉe É ate les

me
Measure on computational basis

Tae probability to obtain outcome t

khatives ie a gene
peaked around points where I is

close to an integer

Will quantify this in a moment

Chapter IV, pg 45



Intutiveprture
General features of Fourier transforms

mottery quantar

µg periodic function

I after meas of B to

fff.it

funkaowffct
to

I Fourier trot

Moffet
I

assorted a plate
of aee

Chapter IV, pg 46



can determine multipleofol by

measuring How to get r Later

a_ymflael
How much totalight is on all a with

e is ds dse it 5 0 gr 1

i.e only those
which are closest to 21 s

then as If EkCstÉÉT

i
since 1 to F and r 2 2

11 1 E 0sec E 1

Chapter IV, pg 47



2

an I
i iiiij

TEN

T.ITIf

i e

can be easily made more quantitative

using a

Chapter IV, pg 48



Since s 0 r t Total probability that

le s for one sucks p 0.41

With sufficiently high probability
we will see

that we can check success and thus repeat

until we succeed we obtain an e

s th e Stds and thus

where s is chosen uniformly at random

If we choose v42 suitably there is only

one such ratio with le E s

and it can be found efficiently feefurther reading

Specifically it suffices to
choose N 2 2 M

i e U 2m and since Mar 24 52 2 r

Chapter IV, pg 49



If s and r are co prime i e ged r s L

we can infer or from Thishappens with

probability at least p ged sir 1 logo
at least all princes 2 5 r are good and density

of princesgoes as cage

with O n iterations we find a s coprime with r

Once we have used this to obtain aguess for r

we can test whether f x f tr and repeat

until success

Efficient algorithm for period funding

0 a applications of f required

Chapter IV, pg 50



clappletonifactoring Algorite

Funny Given NEIN not prime find

Fen f 1 such that f N

Note Primality of N can f divides N

be checked efficiently

This can be solvefficiently if we have an

efficient method for perfidy

Sheers
Select a random a 2 a N

If god a N 1 done f god a n

Jeff computate
This Assume god a N 1

Chapter IV, pg 51



Denote by r the smallest 0 such that

a mod N 1

that is the period of

fna x a mod N

v is called the IfdN

Note Some 271 s.tl at mod N I must exist

since

xy e 1
N a at mod N countingpossibilities

ax 1 at o mod N

N ax 1 at recall Efficient

gcd aN 1 means polynomial

N G at m F
at 1 mod N B

Furthermore fma x can be computedeffany

Using Xm 2 Xena 2

Chapter IV, pg 52



mod N att akhil modal

eff comptake via repeated squeny

d N l of adN enod N

ans al wool N a mod Nh

by doing mod N m each step

the numbers don'trequire
an exp

numberof digits
0k multiplications of n digitnumbers

D r can be fouudefficiuky w.me

er

Assume for now r even

ar mad N I

was N ar s

a Nl Lark s Ih H

Chapter IV, pg 53



However we also know that NX Lark s

Mee otherwise ark mod N I does It divide

D either N l ar k th

of N has non trivial common factors K

both ark I L

D I f gcd N
I t 1 IN

p form ofN

Algorithm will succeed as Coy as

i rerun

Iii N t lark 111

This can te shown to happen with prob Z k

for a random choice of a see further ready
Reuters either N is even

cause checked effrreky
I N p

k
pprime

Chapter IV, pg 54



can also be checked efficiently by taking
roots there are only 0 Cog N roots

which one has to check

and in bothcas this gives a non trivial

factor

effcinat
A

forfactomy.LI

Chapter IV, pg 55



4
Groverisalgonformanyha.nl

computational problems it
is possible

to diction efficiently but we don't know

how to find
So called NP problems non deterministic

polynomial

Many merrymakers
are of this type

graph coloring

factoring
3 SAT

tilingproblems
Hamiltonian path

travelling salesman suitably phrased

ReformatufNPprotles
We have an efficiently compete function

f x e 20,13 c 20,1 N 1

efficient
C

Chapter IV, pg 56



Chapter IV, pg 57



Chapter IV, pg 58



Ingredient 2

Uuihary Oo Ks G 1 3

IFE qfn
9 bdtofoe.es

Corresponds to F or Of fktE.co
D0 uD D

can te realised efficiently

Again
write Oo I 2 0 01

Definelow H O H
h

I 2 wXwl
a

with les 2 Ks
No

G aegorik.ee

start from 1 to H
a
10

Repeat Apply Goverber
ahn

a H OOH of f Ow Of

Chapter IV, pg 59



14ns Is 14 7 Gyp tow of Hd

Hou many
trees Soon

Her to analyze trajectory 1 7 He He

Recoils of I 2koX ol

Ow 2 0 01 I

and moreover yo
e w

D Only throspecialvectome
m 1 7 Of Owi

ko and w The identity
I will

Not change those
vectors

The dynamics ly Iq led

takes place on spam
1871073 i e

a two dimensional space
I

Chapter IV, pg 60



Two natural ONBs for Heo's space

Kos

Ws f I k 41
so

to Ito

Etf
And another basis

to

lot
th cu lets so

Of course

any
vector in span 107 Iw 5

can be

expanded m either taps

H alas b at x to t y lot

What is the effect of Of and f Oo on ly

Of 147 Of a la blats
p
also slots

Of I 2K Xxl

Chapter IV, pg 61



Og reflects ly about Kot f

foully foo x lustyluts

p
x Iw gluts xlu glut

Ow I 24 4

D COo reflects ly about to f
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