
I The formalism States measurements and evolution

the formal of quantry
a Hilbertspacesfbra
ketnotabstateofQMsystem.described by

vectors in a complex

Hilbetspacel.fr the purposeof this
lecture

and almost all of QI

H is a finite dimensional Hillet space

i e H Ed

Ketutations For a vector in It we write

107 EH

We also call us a ket vector or het

Compatibles In order to fix isomorphin

to d vector notation
we define

a canonical basis
the computatinalfans

103,117 d 17 i e

107 as 1 la
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A general vector
is thus of the form

v 00 0 vill way d 1

Evilis

The adjoint vector a

transpose conjugate of
the matrix vector

is

lost 5,5 5

We write

Ias 201 bra vector bro

Iv Σ vilis cut Σ Tail

Il is a vector space we write becontatins as

Nus p lo
ER

Scalarproduct
For two vectors v Eviti w Σ wj j the

scalar product is give by
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last us I win
g

Note Sesquilinear in 1st component d us
ᵗ Icu

Canonical basis is orthonormal basis ONR

Liljs dig

for Iv Evilis Iw Σ uj.ly's

calus I
wjnisjf

Zwini

1110311 Flu defines a core the

ᵗf ff H is a linear map

with M as i M Ios

M lo d w M a AM w

Note M always acts on right i e

w Mlos so M 03
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The map I Σ likil satisfies that

for to Σ ugly

Ilos Elixil Eugly

E jlikif.fr
Engles

I is the identity map

This can also be seen on matrix form

I Eilisal
i

go.no t.it
To express a general map

M m matrix form

we can write

M I M I

I liki Mlixil
MjieC
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My

lixil.fi

1 Mar Mad

iii in

And similarly for maps
M H 22

The map Mt is the recap
with entries Mji

where My
Li M j It holds that

M w
t

w Mt and AB B At

Weeps
A map

U N H is unitary off

at a I

or equivalently
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rent I

ups Ulus wlutulos cut

Hulu t lull

fire U preserves angles
and cores

In matrix notaha

cilulj Nij
situ Elul at j city dig

Dj I Niang MiaUja

We call U Uj a centayneate
or

just a unitary
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Reedus
For lute Ha 1oz 7

with comp Sases lisa 1533

10 villa 10 Wj 57

we can define the tensorproduct

v7a lwbEHAokp
NAB.by

defy Hades
as the space with ONB

of tuples 1 3 53 with i 9 ya t

j 0 dB 1

denoted by

lisa j B or l lj B i j a lij AB

lis lis lis j i j lijs

s th ila cjl 1k7g les

silk jle diadje
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and defray logo
o through linearity

logo lug Evil Wjla

I viwjlis.tl Zwinglij

Now standard card
Y est testa CE

VoWd 1L

A general vector y E Hasek is of the form

187 2 jig Ii y
and not necessary

of the form 1070 w

Similarly
two maps Ma Ha Ha and Np Hp Hp
Falvey linear

induce a map

Ma No Ha Hrs Had byvirtueof
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Ra N Iv lw Malus Noles

and extended linearly to the full space

In matrix notation

Mans F.es giaggIMa
no Ilkiexuel

I i j Maen the lijXkiel

I cilmalk ej Noles hijXhiel

I Malik B je Ii jX4el

Maine j he
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09100

MooNoi

MooNto

man Lon now
Mro Nol

titti
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b Theformalismofquantumtheory

Quan.cory
Framework for theories to

describe tests experiments games
consisting of

preparation and unsent

Another theory of this kind is probability theory

we will use it as an analogy but that's what it is

it sometimes works and sometimes misleads

system

Khotference
described

by state

Prepation Full setof instructions
how to prepare system

Meet Determine some propertyofphys system

Example malogy

preparation Put corn in box w Po Pe

Put dice m box w Pii PG
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Measurements open box to determine
head tail

or value of dice

outcome i with prob Pi

E Ff a.fm
State Afterpreparation

we can describe the

complete knowledge of the system by assigning
a state the state of the system allows

to

predict outcomes of measurements
as good

as possible given
the preparation could be

probabilistic

Many gift preparation
schemes can give

identical result for all measurements

system described by saceae

I The state carries all info aboutpreparation

relevant for measurement
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I p Ppi or p i is state of an dice

Generally State m prob theory
is deserted

by vector P R UPI Σ pil 1

Rearent outcome i w prob

pi le.pl
i'a unit vector E f

i

Cole After the measurement the
new state

is p E the state collapses onto
the outcom

Note The state describes our knowledge about

the system

Evolution In addition we can do things with

the system teh preparation
measurement

i e evolve

E.to t o mas remo
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Note evolution can be absorbed into prep or

meas

evolution can consistof a sequenceof
individual evolutions

Ex

ftp.I tftE
7

e g.io shake box add randomness

put con heads up

flip com permute die values

do one of the above
w

certain probability

not genvolution
1 check value of con dice i

2 Output j with prob Eji
Need I Eji 1 i

j
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i e E is a stodermatrix

Evolutia maps

P to P E.pe

This is the most general linear evolution

such that IPU 1 NEPA 1

Quantumtheory

Like probability theory but
with the 1 1 mom

instead of the 11 11
come Aaronson

ftp.eei
state by state 14 s

States lys
die of H space
property of system

the only property we

care about irrespective

of physical realization
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such that I 4 1 1

Thenjust write 11431
and where 147 and ei Ty represent

the same state

i.e more precisely states are rays
m or

elements of the projectivespace

but we will stick to the convention afore

Note State is also often called wavefunction
on QM

T iee1 edu
MeasurementsmQ.Theory

Let Ibis be an ONB mad i e bilbj dig

Then be defines a measurement

measurement on the basis be

with the probability pi of outcome i given by

IPiKB.FI
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Note that

Epi Σ Kbi 4 1

Σ cylbinsily

Ctl LEED
he

24 4
1114711 1

Ie 114712 1 total probability for some

outcome is 1

Collapse of the state

After meas m basis 16 and outcome i

the system is described by the state 4 bit

Repeat meas immediately

Pj kbjl.IE dij same result

Ntc The measurement can also be described through

orthogonal projections E sixsil Then the

state 1457 Eilys gives us
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the outcome probability

Pi Amish

the post measurement
state

in Iiia I.fr
1

This can begeneralized
toany complete set of orthogonal

projections Ei Ei Eit Eit rijE IE I

Evolution QM evolution is linear

143 4 47

It should preserve probabilities v e the total

prof for some outcome sumes to 1

We thus require

1414711 1 14712 1

i e U is mom preserving
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U is unitary reset 4th
I

And Any unitary
U is an allowed evolution

ELIItcuut.FI

Conpmystems

What if we have two parties A B who each

control a quantum system subsystem

How should we describe their state

B
system

i 3
describedby Millet describedby
space Hp H sp Ng
state Has state 14s
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A B should be able to describe their respective

system malep of the otherparty
the rest

of the world states 4 14

fontate of ARB
described by

14am 14s 14,3 Hars

TatifAleperformsameasurement given by
E or evolution given by 4

wite Xa foreko

should be independent of Bob's
actions

or even existence

ALL given by

14apsXFHalya.se
ypt Xal4as 14,3 tip

Why is this a good correct choice

Eg Alice evolves her state with Ugs
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evolvelya Malta

t t t
142 142 relays HB

of measure Eid Prohi

HEE I Iya His H

4aktyal Eisai
14ns Hip

Ei E

yalEi Ha Yrs His
I

HE.my IT
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dion Cf Str Ad B act ask Xa Yp the

total acha is I Yrs Xa I Xa Yoo

Notes By linearly this cause extended
to all

dates on Harte i.e art of the form
14h Hgs

The post measurement state of a measure

went Eia LEI I es

ly Ei Io 147
Works the same for componha of crore systems

e.g molnchug

Analogy probability

2 cons ask PT Lhs Pri Ct E

total pot dish has 4 posts b 22ns

00 01 10 4 with

po f t.tt T Ee E te T ftp.ep
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Flipping the fist can i e X EI acts on

Potts as X I

Measuring the value of the est Con given by
d

projections EI to E Co amounts or

posts to Eo E I µ o ete

Quantum mechanical aarones pre stale versa

Systems are deserted by Hicks speces Tl I
d

States are normalised creators

143 EH 111434 1 lys reid lys

Evolutions 143 Utep are unitary hty uut

I.aeMeasurements are given by complete sets of

ohh propectors Ei Ei Eet Ei Ej dig Ei
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2 Ei I by virtue of

III Eily
ask prob pi HER
and post wees Bek lynn

1

WITH

Composite systems are deserted by tensor

products Hap HyeRpg Independent Reks

14 7,1 3 give a shek Hap Ha His Eka

and molep operations evoe weeas XA Jp act

as Xa Yp whee doing nothing
I

Notes h traditional physics teaching

measurementsare described by Lehman observers

0 a Ot where the measurement Cheng an

expectation value 410147
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If we write
On its spectral decomposition

0 It
non degenerate

then cyloly Σ diHEily

Σ pili

i e outcome i has the value di assigned and

we measure theatres and weaker

notion of a measurement

In Quantum Information when we say
we measure 0

we in fact mean we measure Ei

In physics evolutions are generated by a

Hamiltonian i e by a Curation operator H H

by virtue of
a exp int

where t is time i.e evolutions are continuous

Schrodinger equation ittly
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c Examples

FH C

computational Sasis 107,117

147 2107 8117 1441m 1

Reasurement a bass 107,117 i e

E.at
E liX11

Corresponds e g
to observable 2

Reasenti

oute 140 Eo y 2107

prob po
11 107112 1 12

24 E 147 1 12

1 0 431 142

Post meas state 140 171 to
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Outcomes 1447 E ly s Ble

Pe Il Hist list

14,7 117

Measurement on X Seas i e y osservelle

x EI Ith l X I with

Its 107 117 l s t ios Ies

It It Xtly Its TeKol 1 Glo tph

It fth atp

p I l pl prob

1417 II c post wees
state

Note Outcomes
can also be Gkked Sy eigenvalues

e.g outcomes th and 1 for X R Z
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Important Paulimahites

x y

often also written on X Gy Y 62 2

or 6 X Oz Y 63 2 Sometimes

also Go I

satisfy XY it cyclic yZ ix
ZX rig

diff Paules anti coma Xy nyx ele

in addition X y E I

summarised as 6,9 12 Eggo dap I
8
y
fully anti symmetrictensor

The Pauli matrices are heroines and

Unitary i.e can describe both measure crab

and evolution
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Edm
Consider U H tf I Hadamard

jate

ahh tf 4 do titles

at lost 117

Reasurement m Z Sens 2107 leaf

outcome 0 w po Ktp
2

outcome e al p a 12

D corresponds to areas outcome or X Jass

TETE
X wees

equals
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E R I.IT

can be regarded as
a specific way

to

realize meas

In fact H transformes between X and Z

enfentatis back and forth

H Hol 1 Xel 10 1 lex 1 Ht

I H X H Z H ZH X note H I

Reakettiparthates
147 1017 1107

Alice and Bot measure Z

project onto 21007 1017
1107 1117
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D Po Pro Lz Poo Pu _0

Alice and Bob remeasure X

project onto Lifts It 7 1 7 I fi

use tho CHI C 102 YE C le Ye

Kitty 12 1 wtf o

1st Liesl I Er Irl s

K H 4712 I

k I y o

p perfect anti come 6ha

In fact outcomes anti correlated for same

measurement in Aef
Sans homework

But the outcomes of A or B atone are

completely random
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But Alice measures X Bob Z

1 01431 1 112

ktily 1 11

k o 431

k 1 47

Outcomes of A B are completelymde
dent.cl

TheBlocksphec
Consider state of onegat

147 107 All

1 12 β 1

Define e o ñ cos 1 1 sin A

Let a e 1 1 p e
4

p
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Then 147 e cos
0210 e sin 117

x ̅
irrelevant

globalphase

depict asphere

lector 171 1

IIII y with angle 0 to axis

angle of m eg plane

for x axis

1 Bloksphere

F1conrespondence feta States of qubit and

points w̅ Block vector on the sphere Black
sphere

Powerful visualization for gestates
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Properties just stated proof of Hwork

Iportattstaes

Z
107

yay
107 ill

ty 1 eigenstateof
no
1107 2117 by

1 g ofry in

Orthogonal states are anti parallel on Black sphere

For a state 147 w Block vector

cytoily ri

i e.ly can be interpreted
as a apr 1 pointing

in direction note that 5 is the

spin operator
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General hermitian matrix w eigenvalues Is is of
the form M

infs
ineR 151 1

Denotes med meet 438

mxox they by mzoz

Reason I oxPy is a basis of her matrices

over R and all intx over of Awork

eigenstates 1 of M have Block vectors w̅

rementfquati
Observable w efvalues

It most go up to shift

rescaling
is of form M in with

ein space projectors E
I

Prob for outcome It is then

P 441 EI ly
1 221

note i is projection of onto axis i
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me
Z

Projection onto w̅ i

µg
Probability changes y

linearly along
axis

for 1 to 0
or 0 to 1

o p EE

Elam

Muitaries on gusts are of the for

u e exp ii

Proof idea Go from U to generator G Gt U é

and write G as 6 in c I
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Oh

BCodspherill
rotates Blore vector by angle IF I alert

the axis IE l

t.gg Uz ez exp i Iz Elz

Z

IT
yi

This is a macefebohas of the dank cover

8u 2 Zz
E fo s

The TZI comes from the fact that a 26

own gives apt 2 EYE III s
Esha what rokhm is H I f
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e A fundamental consequence The ceo cloudy
theorem

Given an unknown quantum shek 143 C N can we

build a device clerk does

14 171477 he

i e a transformation

V X Teen

It 1430147

Hou to huld V alike y N and N H

are different

Add an auxiliary system
aaaalle

of same
dimension

Ui Han HER

hes 107 143 143

any suitable fiducial state

I/38



y

Note V U I 107 is an ischy

Vtv Col In 1 a 107

Col Ia 107 IA

Noemy Eor
Quantum Information cannot be copied i e a

U 4 0 07 1430143

cannot exist

Proof By contradiction

re lo lo 107 107

U 1170107 113 0117

u 1010s

i
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But from x

a
1 1 10 1011

0

Couch
U cannot exist note we only used linearly

re

Quarter bfomemecopic

But A deoper is consistent w

quantum theory
i e a device

re isolo vs isolis

for the comp basis
or any

other ONB i

Proof Homework
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2 mx

atesaThedensityoperator

Consider a bipartite state tears
Σ cj.li j7

We have access to A only

Can we characterize the measurement outcomes

for meas on A m a simple way

I.e without having
to consider B which we

anyway
cannot access

Consider measurement operator M

e.g
M Ei projector or exp value

Measurement of MEMA on A

ED measurement of MA I on A B

24 Ma I 4 Gj.ci cj'l Ma IB lisljscij

ITy.ci aimal
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E Ej Cj Ci Mali

Nov Define fa a daxda matrix via

a is cij.CI Cct
ii

with the matrix
C Gj ij

or equivalently pa Ey cej.CI
iXi

and introduce the hell can be any ONB

X I ck 1k not necessarily comp
basis

Note The trace
is

cyclic tr AB CK AB K

Eck A Flexel B k
Note A B

I need not Zak Alexe Blk
be square

Face BlkXk Ale
tr BA
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and thus basis independent

tr utxu Xu et tr x

and thus to x Σ k k

Σ km x 41k

T T

Σ or tons for any ONB

the sum of the eigenvalues

tr x f X AA t AKA

with AXA the eigenvalue decomposition

and of course likear

fr A Atr B tr A dB
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Reen

G Ig E Egg Ci Mali

1
traceof a
tea
mfr is

I F Eg tr ki Mali
I cycling oftrace

I l egg tr ti alma

linearly of trace

I I
Igxi

Ma

Irfan a

I cyl Ma I y AlfaMa

where fa Ey Cig li Xi l

or f
a cat with C g y
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Pa is called
the densityoperator decant

or mistake It characterises systems where

we only
have partialleartedge such as

access to onlypart of the system

In contrast a state 14 EH is called a puretted

If we want to highlight
that pp comes from a largertoken

we can also refer to it as the reduced densitymatrix of
system A

Roperhsyf.frcat an fat cat eat ga

o f a is pontine semidefinite

collision collection lately
Alf 20 to

We write fazo
Note X 20 i.e Col IN f 20 t to

ID X Xt all eigenvaluesof X are 20

la part X Zo D X Xt
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Ir ea T.net ii jCijEij ZleijT
1

P operatoss

fog 20 implies fog fat
tr en L

Hou Thisprovides an alternate

field depuiha of a Date i e auf

f with
the properties above can arise if we

only have access to pet of the system

Note Ad fog with the afore property form a

convex sets i e

f o E S en p f H l p
r C S y OE p EI

Is there an ambiguity in fat fresh as the phase

ambiguity for pure steaks
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Then for is uniquely determined by all

measurement outcomes to par for M Mt

I.e by all averages though probabilities
i e M orth

prog also suffices

Proof set V M M Mt V is a vectorspace overR

MN to M N defines a scalar product on V

the Hillot Schmidt scalar product

Pick an ONB M of V tr MitMj Big

Then the map X I Mitr Mix
Σ Mi Mi X

acts as the identity on V Thus

f Mi to Mig

i e for is fully specified by all means
outcomes

and thus there must be a left for for any

given physical state
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Ndc We didn't really use that we have

hermitian matrices the same ideas work

for V n over Q Then the ot are

important and we must thou that has

a hermitian basis over Q whirl it does

1u No aentipity n fog

all leuceeters meaningful

Where did the phase 14 7 reit 14 7 go

Denny cerebra for
apucstaklqpi.uanew

t

cyatmya trky.tn
y.Dg

e

trEnlIaXya1J
fa

ofa lyaXy projector onto 1 7

Phase
naturally drops out
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bThepartialte
Just seen Pure state on AB Mixed state or A

What if AB itself
is already

mixed

e.g from
a pure

ABC

Same approach How to describe mostgeneral

measurement on A given
a state far

tr Ma I fan cijlm Ilijlssijilp.rs ij

1ft
Σ cilmi's ij leaslip
in'j

tr M E likaciilfarslijxi.la

tr M.la

where we define

Pa I liki'jl ears lijXil
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Ia jlB pars Ia liz

I cils ears isis

trig pars the parte

In components

tros ears Cila Iib far its his

far ij ij

Note The partial trace can also be seen

as the canonical embedding of
to B 2

into B Hr B K
Δ

linear founded operators on Ha

Note for is also called

reduceddensitynatricor operator of fats or 14dB
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cPurifications

Is any density
matrix p p 20 trp 1

physical i.e coming from a pure
state

as by our axioms

Purificatingleda
Considerany

decomposition p I dildixd.it his

e.g the eigenvalue decomposition and define

14A Σ M Idea if
8

Then tros 14 41 tr ΣFj Idixt liXjl
ij

IFF ldixtil trf.liI

Σ hi ldixt l p

Yes every p is physical m the sense afore
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Density operators f
can serve as an

alternate fractal definite

of a state in quantum theory

Lin A 147am s.th.to 4X4 p is

called a payoff

Note The ambiguity ofpurifications
i e

how are two prefications 147,147 of e

trp lXl try 14 41 s related

willbe addressed later
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P man
g

1 7 4007 plus
m

e FI 1ta
1ifihEnsemtle

p 1 3 p_ 1 3

Indeed p 14 4 1 p 14 4 1 Sa

Differentenselle for sametal

an ementopatasaluous
Even of terms

can vary etc
Hw

Define We call a system or collectionof systems

which is a state 14 or pi with prob pi

an entente we write pi or pi pi
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Define Mj j 4

then U F 14 I G 14 Xtj47T

Filyi

and I uijaj I.at 4ik4iltnfpFPiltiXxil
Cdilglbjis 8

Tgif
Uj is an stometry B

Gerace First restrict to supply since all

10 his hepp e then all gi pj 0 Then relate
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3 mdmpokdpeficet.ms

i
try 14 41 fa Ipi laiXail be the

i

eigenvalue decomposition including pi o

i e ai is an DNB

Let xD de any
NB of B and expand

14 an n Iai e ly

14 an Icij ai xp

I laid

with II 5 Gj 157g
I no onBete a prion

I/61



I/62



Note Can bepadded w i pi o as long as

HB is large enough

Delta A decomposition 147A Σ Filaia Sis

with ONS laila 4big Pi 0 is called

Scamper of 147A with Schmidt

Colints pi The number of non zero pi is

called Schmidtrand or Schmidt number

theoree Any bipartite state 14A
has a filmidt

decomposition i e there exist pi and ONS

2 9 3 and I biz s th 147m pilaisalbits

Proof Construction from before

Note for traltxyl Z.piltixs.it and

by construction Sa pilaixail

aisa and Ubi are the eye

bases of par p except pi 0 respectively

pa Ipp have the same eyes t

If the pi are non degenerate the
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Schmidt decomp can be found by simply

pairing up
the eigenvectors of p p

laila and bi pito are ONBs

of suppps and supp ps respectively

Note If diler A did B we can include

the zero eigenvalues
extend laila

Sip to ONBs of the full space

Notancouverton

Open the bases laila and bis

are simply
denoted as

i laila and

lil bi is

these are note the computational Jasis and

generally diff bases on ARB CAREFUL
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How is the Schmidt decomposition
related to

expansion of ly m a different part of
ones

Ixia Ilya
We have 147 Icij la a ly 7

CA
I Tpa lanalbuts

D There exist matrices U Uia V ugh s R

Iana Zur la a INE 252 yj's

and Sue caulae Intuje qq.frI

Intense atalue

and equally Vtv we due

D U U are isometrics
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If we reset this in

Σ cijlxialyjz Fauiajzle.glaij
likelep

Cij L Phil JT j or

1
Theorem 1k

Any matrix
C Gj i 1 14 5 1 ya

can be written in the form

C re D Vt or

Cij I daile 5hK 1

with r rank c n m Xp 0 and

u air V gl D o

is 1 gu k b.gr j 1 me and

Utre Ir Vt V In isometrics
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This is called the singularvalue

data of C

with singularvalue si

If the di as ordered descendryly
de2h22 M and V are unique up

to port rotations m subspaces with degenerate

supular values

Alternatively one can choose M and V

square uxa and eux in waiters and

fit

but the additional degreesoffreedom are

arbitrary

I/67



I/68



bPurifications again

Reminder Given fa on A a state 147 Haal

s th trig 4X4 fa is called apurificatinoff

Given two purifications

p NA
I
potentially

147 Ha Ng different spaces

of pA what is their relation

Write both 107 and 147 in their Schmidt form

not a basis trafo

147 Edild Id

147 2mi 14 14

whog di mi descending
die B dim B
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We have

EdilolitXolittreldHl en

lr.skhH 2miT

4iAXtiaIldiA7l4iA7 orthonormal

D if di peer non degenerate then

di Mi Idi lyft Hi

If olegee Schmidt decays can be constructed

from any eigendecompositra
I dildikolil of e

see fee a so we can construct A Krk

the same eigenvectors left yet

Nou construct a Rt Leg Ng

S.K 14137 lifers's

U is a unitary between space 14132
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culasulo is faced utter

Mapa net

where we have defined

Rui Lula 407 Inocula UCIaselots

Then pa try tr RupaRat tr Matruh

is the probabilityfor outcomes

and felt plzFaf the post measurement
state

It holds that

2 Ruth E olrsutluzcul.su o7

cold cette lo B

TA

and further Muthu 70

Note Theformer ruptures

Ipu Itr Retro tr Znatnap Hel L
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Defcon A set Fu of operators Fuzo

2 Fu I is called a positiveoperatorvalued

o_ Povr

Note Fu RutMu forms a POUM If we only
care about the post meas prob pu to Fap
then the measurement is fully characterized by
the POUR Fu

Definitions A POVMmearent is plenty
a set of operators Mu with Σ Ratna I

with outcome probabilities Pa tr Rutrup

and post measurement
states for RupMat

Alkahest A POUM measurement is

given by a set of operators Fu Fuzo EFFI
with outcome probabilities put

to Fap
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Relation of the two definitions ask the initial

unitary taceerka construction

d Can any Fuso Ie written as Fu Ratna

yes e g take Ra Ftu

Unique up to isometric degree of freedom once

Nn Mantra the polardecompos.hn

N l N 1

ii can acey
POUR cueas Me

o
2 Muthu Iwe use 7

be retired ha auc.ba ceeeiteoy

g

I x
imagine

N

p X can be extended to a unitary U by

adding further columns
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1 Mrs this can be
lots

understood as a

uit Th many achy on

i
System tanaka B

Cdtlb Mn with dice dB N

Latos Ula Nu

D Any four races Ma can be reached

by adding anaka doing
a unitary U on

systantanalla and protectively measuring

analla on 107 Ida 175 basis

This is also known oran

Notes The old style reeeaperecuents where the

Mu Eu or equivalently Free Eu are also

co Head
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with Ma culpulo as for POUM

Properties of Ra As before I Matra I

Note We can write the trace in a different

basis in Σ rumba nm unitary

Mae Turn represents same

evolution f other activities

Definitions Kampen
We call E e Σ MupMut Σ RutMa I

a Kansrepresentation of E

The Mu are called Kooperator

Note Not all maps have a Kraus representation

But we will see that all physicalmps
have a Kraus representation

note As discussed above the knows
rep

is notunique
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Defta We call a map E
pts

E e

satisfying the conditions
i iv above

a complely.pro hace prterty
1map or a quartland

Are there maps which
are positive i iii but

not completely positive

MEF Eg
transposition map

E p ft
EI pars 5 partial transpose

Consider action of E I on IR 1007 1117

since ixil ljXil likXjel juxiel
an
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127 traits lie

defines an isomorphism between C and J

theoi Jamiollowskissomorphine with

Gas the Cloistate of E The reverse map is

7 B deed B B d

Jan F

where F p d trig Gas IEP

Note A physicalinterpretation of Y and

the theorem will begiven in Chapter I

Proof We need to show

i Y I

ii of I

in Im Xle x ̅ e leee CS

iv Ia 51 c e
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Together fi Civ imply

a i D I myreche

s s e f r e Is É E X c s

D Ien Iles f
aced from Gi

Im Ile c

f ladle g

i e Ile surjective

Ile e f lm Ile
is a leveasigechat

Roofoff YX
Need to slew J ICC E for all Ee BCB ed

Ey f
e B ed

I LIE 61
d LILI feet

Enlighten
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zeclixit.tl III.g.g

EljeijliXil
E e e

l Y x e e Ece Up E

J X El E HE

ProofeffIII
Since dim B ed ed dike B Ba
this is equivalent to

2 a

Explicitpoof

For any oars
E B ed ed

112,211 IEEE Ira

IF III Gixill civil
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Editors To Ie itil lixil

I sit as jz lixil

GAB

Xof I

Prooftifhle
Let E E E i e E is a CPTP map

Then Gap e EAF IX 0

since E is completely positive

Further tra oars Σ to Ea Irs Iii Xist

field
E tracepreservy

rap x ̅ E et Eee
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Note E s ΣMagnetnumb the ambiguity

of the ensemble decomposition
X same

accifignity
Moreover II trans

tral Ma I IRXR Mu I

tra Math I IX

t.FI ik
EilatMalis dig

I Metthe I

Thus if oars e Σ MuteMe w Σ Matra I

i e rap has a Krans representation

and is thus a CPTP map floats Ee
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Note The isomorphism still holds if we

drop trace preservity from C and

traons II from T respectively

www f

m

can thus be realised with a the spring
dilation i.e add ancilla unitary tracing

Moreover the Knaus operators Ma can be obtained

from the Choi state GAD by writing

Gan Ilyittal and lie Matt 117
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