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1 Introduction

Phase transitions in general are transitions where a phase, i.e. a state of matter, changes into
another state of matter. In classical statistical physics, phase transitions are discontinuous
transformations of the whole system as a function of the temperature T. There are so-called
first-order phase transitions where the derivative of a thermodynamic potential with respect
to the temperature is discontinuous. These phase transitions are the most common as the
transitions solid state <> fluid, gas <« fluid, and gas <> solid state are of this type. Aside
from these quite ordinary phase transitions, there exist second-order phase transitions where the
second derivative of a thermodynamic potential with respect to 7' is discontinuous. Examples
for second-order phase transitions are the transitions ferromagnetic material <+ paramagnetic
material or superconductor <+ non-superconductor.

In contrast, quantum phase transitions occur at absolute zero (what implies that the system
is in its ground state), where an external parameter that is not the temperature but e.g. a
magnetic field or the pressure causes a discontinuous change in the system’s ground states. Due
to fluctuations, the system may alter the ground state it is in as a function of this external
parameter. Since the system is at zero temperature, there cannot be thermal fluctuations, so
these fluctuations belong to the class of quantum fluctuations. This is why corresponding phase
transitions are termed quantum phase transitions.

Instead of investigating whether the system is continuous as a function of a specific parame-
ter, it is common to examine how the gap between the ground state energy and the energy of
the first excited state behaves. One may imagine this a plausible consequence by considering
the variation of the particular parameter as a perturbation and applying perturbation theory:
Assuming that there is an energy gap A > 0 above the ground state energy, we can approximate
the differences of the ground state energy and any other energy of an excited state to be greater
than or equal to A. The k-th order perturbation theory in the perturbation strength ¢ can then
be estimated roughly to be less than or equal to \Acil_t'; , where ¢i, € R is specific for the k-th order,
containing the matrix elements of the perturbation except the perturbation strength. The vari-
ation of the energy caused by the perturbation would then be bounded above by CA> 77, i—kk,

where C' := sup |cg|. Choosing the perturbation strength ¢ to be less than the energy gap (what
k>1
can always be achieved since A > 0) implies that the geometric series converges, and therefore

the alteration of the energy is continuous and a phase transition cannot happen there.

Aside from this plausibility argument, the characterization that a gap implies a system does
not undergo a phase transition can also be proven rigorously using the principle of ’automorphic
equivalence’[1]. It defines a phase as an equivalence class, associated with the equivalence relation
that two systems are in the same phase if there exists a smooth path of gapped Hamiltonians
H(s), s € [0,1], where H(0) belongs to one of these phases and H(1) is the Hamiltonian of the
other phase[I]. Then their ground states are related by an automorphism that is generated by
a quasi-local unitary with almost exponential decay[I]. That means an alteration affecting only
one site cannot influence the entire chain and cause a phase transition.



As is turns out, in one dimension, the classification of phases via gap yields different results for
open boundary conditions and periodic boundary conditions. Using periodic boundary condi-
tions (such that the system is translation invariant) yields that there is only one phase in one
dimension|2] [3].

In contrast, S. Bachmann and B. Nachtergaele introduce a model which is called the prod-
uct vacua with boundary states (PVBS) of a one-dimensional, gapped quantum spin system
with open boundary conditions, and show that these edge states require a finer classification of
quantum phases|[4]. We are now interested in how these perceptions fit together. Since these
investigations are done by using the formalism of matrix product states (MPS), we will also make
use of this formalism.

In this thesis, we aim to see whether a vanishing gap also implies a phase transition, i.e. the def-
initions via gap and discontinuous change in the ground states are equivalent for open boundary
conditions. In the case where discontinuities of the ground states occur, we are further interested
in the way these discontinuities appear, for example whether the state changes completely or
only at the boundary if we add a perturbation that acts on the boundary only.

The PVBS-model that we will examine describes gapped phases, i.e. the energy of the first
excited state is always bounded below by a positive constant, even in the thermodynamic limit[2].
So we have to modify the Hamiltonian in order to force the gap to close. As it will turn out, we
just have to do that at the boundary.

The model under consideration has the specific property that the corresponding Hamiltonian
depends on certain parameters which determine how strong particles bind to the boundaries.
Thus, we can construct a simple path on which the gap vanishes.

We will especially analyze the behavior of the ground states if various perturbations are
taken into the Hamiltonian. As we will see, depending on the Hilbert space dimension and the
perturbation, the examination is more or less complicated. We also will find more than one way
to construct a path on which the gap closes.

Another point of interest is whether we can obtain a Hamiltonian that is completely translation
invariant and therefore equal to the one with periodic boundary conditions. This will prove an
aim that can be achieved in some cases more or less to our satisfaction.

As we will ascertain, a vanishing gap causes the ground state degeneracy to alter, but this fact
will not have an effect on the entire chain as the only change happens at the boundary. Thus,
we may not call this a phase transition since the bulk state does not undergo any changes at all.

In addition, we investigate the long-distance description of this system by applying Renormal-
ization Group transformations. As these results are not entirely satisfying due to a certain
instability, we develop a modified form of PVBS that is capable of avoiding these inconveniences.
These new PVBS are subsequently examined and we will see that this modified form of PVBS
also eliminates the difficulties that we encounter while examining phase transitions.



2 Matrix Product States

Consider a system of N subsystems, for example N particles that can attain r states. Then, an
arbitrary wave function describing the total system is given by

T T
W)= Y hpalin @)@ @lin) = Y i yliie i), (21)
11,82,...,a =1 11,82,...,iN=1
where ¢, i,.iy €C, i1,...in=1,2,...,r, and {|1),|2),...,|r)} is a basis of the subsystem.

The number of the constants ¢;, . ;, increases exponentially with NN, as does the Hilbert
space, but not all possible states in the Hilbert space are equally appropriate as ground states|[5].
As there are usually nearest and next-to-nearest neighbor interactions in nature, and low-energy
eigenstates of local, gapped Hamiltonians follow the area-law for the entanglement entropy, most
of the states contained in the Hilbert space are not suitable as ground states[5]. The area-law of
entanglement entropy states that the entropy of a subsystem scales with the size of the boundary
of this subsystem. Fortunately, for most states of the Hilbert space, the entropy of the system
scales with the volume instead of the boundary, and therefore the relevant part of the Hilbert
space is, in comparison, extremely small[5]. In one dimension, an efficient notation for these
relevant states is given by matrix product states (MPS)[5].

Written as a MPS with open boundary conditions, |¥) is given by|0]:

r

oy = N ADARD AN iy i), (2.2)

11 * g N
11,82, iN=1

where AZ(-II) € Mat(C)**P, AP ,Agg__ll) € Mat(C)P*P and AN ¢ Mat(C)P*t iy, ig, ... iy =

19 7 iN
1,2,...,r. In the case of periodic boundary conditions, |¥) can be written as
T
v) = Z Tr (Agll)Ag) "' Az(]]\\,[)) itz - iN), (2.3)

11,82, in=1

where Al(ll), .. .,Agj) € Mat(C)P*P[6]. The matrices AZ(-::) Jk=1,...,N,i, =1,...,r can be
understood as three-index tensors and represented in a graphical language as|6]

Ai,ﬁa =8B a (24)

where ¢ is the physical index, i.e. the index that indicates the physical state. The connection

between two such diagrams
i J
LAl 5]

D
> AigaBjan (2.5)

=1

means summing over the index «a[6]:

The complex conjugate of a matrix is represented by
B o

where the physical index is directed downwards.



2.1 Transfer Matrices

The transfer matrix is defined as

T
T=Y A®A, (2.6)
i=1
and determines a MPS up to a local unitary transformation: if Y/_; 4; ® 4; = >\, B; ® B,
then A; = Z;’:l v Bj, where (v;;) is an isometry[6]. In the graphical language, the transfer
matrix is depicted as

|‘@

A_oc

o

ElA

2.1.1 An Application to Renormalization Group Transformations

In order to obtain the long-distance information of a system, we can use a Renormalization Group
(RG) technique. The short-distance information is integrated out and length and operators are
rescaled, restoring the initial form|[7]. In the case of a one-dimensional system with N subsystems
of r-dimensional Hilbert spaces, two neighboring subsystems are joined to a new subsystem, and
operators and length are rescaled[7]. Then, states equal up to a local unitary operation have
to be identified|7]. This transformation can be executed by using the transfer matrix ,
which is invariant under local unitary operations|[7]. The RG transformation corresponds to
T T =T?[1].

B | o B o

B.] o I B o

Figure 2.1: The figure depicts the RG transformation of the transfer matrix expressed in the
graphical language.

The process is shown in Fig. in the graphical language. Squaring the transfer matrix
means we can interpret two multiplied matrices as a new one with two physical indices which are
summed over. The four left, free indices can now be understood as those of a four-index tensor,
depicted in the middle of the figure. This tensor can then be written as a sum of tensor products
of matrices with their complex conjugates. The number 7’ of terms in the sum (i.e. the required
number of matrices) is between 7 and r2. The physical meaning of this is that, in the case r’ = r,
the number of possibilities of the combined states is equal to the former number of states; and
if 7/ > r, additional possibilities arise. The fact that 7/ < 72 is also reasonable as there cannot
be more possibilities than the number of 2-combinations of the set of states, i.e. the order is
irrelevant. As it turns out, r’ can be calculated by computing the Kraus rank of 72: Although
T? is a tensor with four indices T2, B’ We can interpret it as a matrix T(ZB, B)(aa)’ Rearranging
the matrix elements yields a new matrix K go/)(3a)- The rank of K is the Kraus rank of T? and
corresponds to 7.

By applying the transformation p times and then taking the limit p — oo, only the long
distance information is preserved.



2.2 Construction of the Parent Hamiltonian

Given a set of desired ground states

T

U(B)) = > Tr(BA; - Aiy)lit...iy), (2.7)
11,0t N=1
where B, A;,,...,Aiy € Mat(C)P*P  and B describes some boundary conditions, we want

to construct the parent Hamiltonian, i.e. the Hamiltonian with its ground states given by
|W(B)). We would like the parent Hamiltonian H to be frustration free, i.e. H = ZkN:_ll Rkt 1,
where hy 11 > 0 acts on sites k and £ + 1 and already minimizes the energy on these two
sites of the global ground state[8]. Therefore, we concentrate on the sites k£ and k + 1 and fix
Wy e ey ll—1y0kt2s 50N € {1,2,...,r}. Then, |¥(B)) for fixed i1,...4k_1,9k+2,-..,in can be
recast in the reduced space as

T
‘W(B,Zl,zk,1,1k+2,,ZN)> = Z TI“(BA“ AzkAlkJrl AzN)‘Zka+1> (28)

igyigp+1=1

= > Te(Ai, - Ay BA;, - Ay A Aiy i)

b=l
otk =:Biy i qigyg.in
(2.9)
-
= > DB igeawin Aig Ai)ikinr). (2.10)
igyip1=1
In order for |W(B,i1,...15—1,ikt2...iN)) to be the ground states of hy, 41, we define
hk,k+1 = H\I}kJ_ =1- H\pk, (211)
where Ily, | denotes the projector onto an orthogonal complement of
span{ |W(B, i1y, ik—1,0k+2,---,IiN)) | B € Mat(C)DXD} =G (2.12)

and Ily, denotes the projector onto the subspace G.

Since hy 11 (k= 1,..., N—1) are projectors, all eigenvalues of hy, ;1 and H are non-negative,
and as G is the eigenspace of hy, ;11 corresponding to the eigenvalue zero, it is also the eigenspace
of H corresponding to the eigenvalue zero and hence the ground state space:

H[U(B)) = hipi1|¥(B)) (2.13)
k=1
N—-1 T
= > hpaTe(BA;, - Agy)lir i) (2.14)
k=1 i1,....in=1
N-1 T

= Z |i1 .. .ik_1> ® (hk7k+1|\1/(B,i1, ey BT Lty - ,iN)>> X |ik+2 .. .iN>

k)zl . ilv"-vik‘—17 ;’0
U2y tN=1

where we used Eq. (2.7) and (2.8).






3 Product Vacua with Boundary States

A special type of MPS are the Product Vacua with Boundary States (PVBS) introduced by S.
Bachmann and B. Nachtergaele[4]. As this model forms the primary subject of our studies, we
give a brief review on its properties.

Considering a quantum spin chain of length L with nearest-neighbor interaction, the ground
state degeneracy is 2", where n can be interpreted as the number of distinguishable particles
added to the product vacuum. An arbitrary product state is given by |i1) ® |i2) ® -+ ® |ir) =:

lirig...ip), where iq,...,ip = 0,1,...,n. The number of different values which i;,...,i; can
attain is called the dimension d of the Hilbert space. The integers 1,...,n label the particles
and 0 represents the vacuum. The matrices vg, vy, ..., v, € Mat(C)?"*2" generating the ground

states satisfy the commutation relations

Vv = emij /\i)\j_lvjvi, ) 75 ] (31)
v? =0, i #0 (3.2)
where 9;; and 0 # A; are real numbers, and ¥;; = —;; for 0 < 4,5 < n[4]. \; can be chosen to

be positive by redefining the phases ¥;;, and we set A9 = 1 for normalization purposes[4]. To
prove the existence of such matrices, S. Bachmann and B. Nachtergaele give an example[4]:

n
vy = ®P021w1 (3.3)
=1
i—1 n
Uz-:®Pijwj®o+® ® P wy, i=1,...,n (3.4)
7=1 k=i+1

where

0 1 1 0 e3iii ()
+ _ J— L
o" = <0 0) , W= <0 /\i> , Pj= ( 0 1) . (3.5)

The matrices v; constructed in this way satisfy the commutation relations (Eq. (3.1)) and (3.2)),
and generate the MPS

n

$(B)= > Tr(Bui,...vy)li1.. i), (3.6)

i1,...,01,=0

where B € Mat(C)2"*2". Due to the commutation relation , a particle of type 4,1 =
1,2,...,d — 1, binds to the left edge if A; < 1, to the right edge if A; > 1, or to neither edge in
the case A; = 1. These states never contain two particles of the same type on the chain because
applying Eq. enables transpositions of v; and v; until two v; are next to each other and
then by making use of Eq. the trace vanishes.

In order to construct the parent Hamiltonian with ground states 1(B) of a chain with arbitrary
length L, we first only need to concentrate on a chain of length L = 2, as seen in section In
the case L = 2, the vectors

i = |0i) — e~ "0\, ]i0) (3.7)
i; = lif) — eI NN i)
bii = |ii),



for 1 <4,5 <m and i # j are orthogonal to the MPS ¢(B), VB. Therefore, for L = 2, the states
B) | B € Mat(C)?"*2"} are eigenstates of the Hamiltonian
{w( g

h=>>18(oil+ D i) (i, (3.10)
i=1 1<i<j<n

where * indicates normalization. The parent Hamiltonian for a chain of length L > 2 is then
given by

L—1
H=> haaz1, (3.11)
r=1
where
heer1 =10 - ®10h1®---®1 (3.12)
1 ti
xr— mmes

represents a nearest-neighbor interaction. By construction, H is the parent Hamiltonian of the
ground states 1(B) mentioned in Eq. (3.6)[4].

The case \; = 1, for any arbitrary ¢ € {1,2,...,d — 1}, is a special case since the particle
of type i binds neither to the left nor the right edge. Moreover, the statement that the energy
of the first excited state is always bounded below by a positive constant[4] only holds for A\; #
1,Vie{l,2,...,d—1}. Fig. illustrates the energy of the first excited state of H for n =1
and L = 2,3,...20. As the energy decreases strictly monotonically as a function of L, the gap
may close in the limit A — co. Bachmann and Nachtergaele actually show that the gap closes
in the thermodynamic limit whenever there is \; = 1 for any i € {1,2,...,d — 1}[9].

Eigenvalue of the first excited state of H depending on L

eigenvalue
=
o

Figure 3.1: The plot visualizes the dependence of the eigenvalue of the first excited state of H

for A =1 on L. The axes-scaling is log-log. For large L, the numerical result for the

slope is approximately 2. Therefore, the eigenvalue decreases ~ %



Although PVBS are only defined for open boundary conditions, we are further interested in
what happens when using periodic boundary conditions. For this, we set B = 1 what has the
same effect as no B at all. Since then all v; with i # 0 are traceless because they contain o (cf.
Eq. (3.5)), the only remaining ground state is [0...0). Therefore, PVBS with periodic boundary
conditions have always, independently of n and L, a non-degenerate ground state.

In the next chapter, we will have a closer look at the case of open boundary conditions and
analyze whether phase transitions are possible in this case.
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4 Phase Transitions

In this chapter, we strive to examine whether a vanishing gap implies a phase transition for the
PVBS-model in the case of open boundary conditions. We will analyze paths on which n changes
for the cases d = 2 (one particle type) and d = 3 (two particle types). For this purpose, we first
take the limits \; — 0,7 =1,...,d—1, to obtain a path as simple as possible for a change in the
number n of particle types occurring in the ground states. Physically, the limit \; — 0 means
that a particle of type ¢ extremely binds to the left edge.

Since the commutation relation does not hold in the limit A; — 0, there may occur dis-
continuities. So we investigate the ground states in the limit in two ways and see whether they
yield the same results. One way is to look at the Hamiltonian as a function of \;, and calculate
its ground states; and in the other way, we start with the ground states from Eq. . First
we apply the commutation relations and , and then we take the limits A; — 0. Subse-
quently, we examine whether the ground states are equal, and we also check the numerical result
for discontinuities. For this purpose, we wrote a program that calculates the Hamiltonian and
determines its eigenvalues dependent on the parameters \; and various perturbation strengths.
Once we ascertained that the limits are continuous and the ground states of both analyzed ways
are consistent, we add perturbations that act on the boundary and investigate what happens to
the ground states and the Hamiltonian.

We aim to change n while the dimension d of the Hilbert space remains constant. But the
PVBS-model introduced by S. Bachmann and B. Nachtergaele in [4] only considers the cases
n =d — 1; so how do we understand the case where n < d — 17 Since d is the dimension of the
Hilbert space and constant, it still provides d — 1 various particle types or the vacuum to be on
a site. But not all of these possibilities occur in the ground states; only n < d — 1 particle types
or the vacuum are possible site occupancies.

If n = 0, we only expect the product vacuum |0...0) to be a valid ground state. Therefore,
we want the Hamiltonian to be of the form

IS

-1 L
H= ) (Kl (4.1)
1i=1

b
Il

because then, every particle type on every site gains an energy > 0 and would not belong to
the ground state space. Moreover, this Hamiltonian is completely translation invariant, and
therefore equivalent to the one with periodic boundary conditions.

For any other 0 < n < d—1, the sum Zle in Eq. has to be replaced by ZiL:Q for those
k still occurring in the ground states.

As we will see, in the case of dimension d = 2, the transition of n from 1 to 0 yields the
Hamiltonian that we expect to obtain for the case n =0, d > 1. In the case d = 3, there will be
more difficulties and the Hamiltonian we find will still contain terms of a two-particle interaction.
Nevertheless, we will be able to change n and with it the ground state degeneracy, but this will
only have an effect on the boundary.

11



4.1 One Particle Type: The Case d =2

Let us consider the case n = 1, and see whether n can be changed to n = 0 only by manipulating
the Hamiltonian at the boundary, and investigate what happens to the state.

First, we examine the ground states by taking the limit A — 0 of the Hamiltonian. For that,
we look at the Hamiltonian acting on two neighboring sites that is, according to Eq. ,
given by

h=1¢1)(d1] + |11) (P11

—; _ —i'L910 _ i1910
-5 <|01> e >\|10>) (<o1| e >\<10|)+|11><11|

where A # 0 and 91 are arbitrary real numbers. For A — 0, this Hamiltonian can be written as:
lim A = |01)(01| + [11){(11| = 1 ® |1)(1] (4.2)
A—0

In order to indicate that h acts on sites x and = + 1, we write h; z41. In the case of vanishing

A, the commutator [hy g1, hyyt1], where z,y = 1,2,... L — 1, also vanishes since the operators
are diagonal. For that reason, the eigenvalues of the Hamiltonian on the entire chain

L-1 L—-1
H=Y hig =Y |1, (4.3)
=1 =1

where (-);1+1 denotes that - acts on site 7 + 1, are all integers and actually > 0 since H is a
projector. Accordingly, vectors with eigenvalue zero must be ground states. Fig shows the
dependence of the eigenvalues on A, and for A — 0, the eigenvalues become non-negative integers.
The curves are continuous in the limit as well.

Dependence of the eigenvalues on \

——

[,

w

eigenvalues of H

Figure 4.1: The plot of the dependence of the eigenvalues of H =
i ((H&z (101) = e=100[10)) ((01] = e¥0A(10) )+ 111><111i,i+1) on
40
A is exemplarily shown for a chain of length L = 6. For larger L, there are more
curves, even for higher eigenvalues, but they behave quite the same. As A — 0, the
curves are continuous and for A = 0 the eigenvalues are non-negative integers.
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Now, let us see what the ground states of the Hamiltonian in the case A — 0 are. The only
vectors that correspond to a zero eigenvalue are

140 :=10...0) (4.4)
and
[ty == 110...0) (4.5)

since every vector containing a particle on any site but the first one has at least eigenvalue 1.
Therefore, (4.4]) and (4.5 are the only ground states we obtain in this way.

Now, we apply the second way of calculating the ground states in the limit A — 0, where
we start with the ground states ¥(B). As mentioned previously, the commutation relation (3.1))
does not hold in the limit A — 0 because vivg — 0 for A — 0, but limy_,gvgvy # 0. Thus, we
have to apply the commutation relations and before taking the limit in order to obtain
the right ground states. So starting with ¢(B) defined in Eq. and using the commutation

relations (3.1 and (3.2)) leads to
Y(B) = Tr(Buvg...v0)]|0...0) + Tr(Bvg ... vov1)[10...0) + - - - + Tr(Bvivg . .. v9)[0. .. 01)

e?10 A1voU1

:TI“(B'UO’UQ)|00>

L-1

+ Tr(Bug . . . vov1) (]10...0}+e“910)\1|010...0>+~'—i—(ewlo)q) \o...01>>. (4.6)

Taking the limit of Eq. (4.6]), we obtain

)l\ii% Y(B) = Tr(Buvg...v9)[0...0) + Tr(Bvg ... vv1)[10...0) (4.7)

which can either span a two-dimensional space or only a one-dimensional space what would
happen if Tr(Buvg...vp) and Tr(Buvg...vov1) depend on the same matrix elements of B, and
could therefore not be chosen independently. Fortunately, the ground states consistently span
the same space as and , as can be seen by the matrices v;, constructed in Eq.
and and the following choice of B:

U_e“%lo b (01 g_(a 0
Vo ) P No o) T ey 0)

where c¢q, co € C. Then, the traces are
TI'(B’U() NN 'U()) = CleiLﬁm, TI'(B’UO e UO'UI) = 62€i(L_1)1901_

Since c¢; and co are arbitrary complex numbers and therefore every arbitrary linear combination
can be constructed, the ground state space is two-dimensional. These states represent the empty
chain (|0...0)), and the chain with one particle sticking to the left edge (|10...0)).

Let us now investigate whether the system undergoes a phase transition if we add a pertur-
bation of the form

S=9D){A@1r1 =~1){1),  7>0, (4.8)

where 171 denotes the identity map acting on L — 1 sites, and =y denotes the perturbation
strength. This perturbation might be caused by e.g. a local magnetic field. When added to
the Hamiltonian H, it removes the degeneracy of the ground state. Since H commutes with .S,

13



and both are self-adjoint, there exists a common eigenbasis (fortunately, this eigenbasis is the
product basis) and the new eigenvalues can be obtained by the sum of the eigenvalues of H and
S. As a result, the former ground state [10...0) now corresponds to the energy =, so |0...0)
is the only remaining ground state. The elimination of the degeneracy can also be seen in Fig.
as the ground state energy splits into two energies. If v — 1, the Hamiltonian H' := H + S
can be written as

L
=37 1)1 (49)
i=1

which implies that all the sites are equivalent as in the case of periodic boundary conditions.
This is the desired form for a Hamiltonian with n = 0 mentioned in Eq. . Since the ground
state energy is not degenerate, but the Hilbert space still supports a particle, even though it
appears only in excited states, the Hamiltonian H’ belongs to the case n = 0 and d = 2. Thus,
we were able to achieve an alteration of the ground state degeneracy only by modifying the
boundary, but the change of the ground state space just has an effect at the edge. So the bulk
of the system behaves continuously, and therefore this behavior should not fall in the definition
of a phase transition.

Dependence of the eigenvalues on vy

Dependence of the eigenvalues on A
3.0 Z—— 3.0
D ———
e
2.5 > 1 2.5
- — '/'/‘Qs
— ,"}“’\
2.0 —> © 20
: —=— |:
S —= < / | = |
g = — 5 15
- 2]
o
> o
g 1.0 g 10
2 =]
5 3
15} o)
0.5¢ i1 @ 0.5¢
0.0 0.0
—03% 08 06 04 02 00 %30 02 0.4 06 08 1.0
A Y

Figure 4.2: On the left, the limit A — 0 for L = 4 is shown again in order to indicate the
behavior of the eigenvalues. The plot does not show the full spectrum since we are
interested in the low-energy states. On the right, the dependence of the eigenvalues
of H+ S = Z{;Q 11)(1]; + v|1)(1|; on ~y for v € [0,1] and L = 4 is depicted. Some
degeneracies are removed for non-vanishing + as the eigenvalues split up; some of
them increase linearly with v and others remain constant. For excited states, the
degeneracies are not completely removed as we see more than two curves intersect at
the integers in the plot on the left, but only two split up in the right plot. However,
for A = 0 and v = 0, the ground states are |0...0) and [10...0), and for v > 0
they split up; thus the ground state is not degenerate for v > 0. The linear increase
underlines the fact that the Hamiltonian H and the perturbation S have a common
eigenbasis.
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4.2 Two Particle Types: The Case d = 3

The next case for which we investigate the system’s behavior if the gap closes is the case n = 2
and d = 3. The Hamiltonian acting on two neighboring sites is created by applying Eq. (3.10)
and reads

h = |¢1)(d1] + |d2)(D2] + |d11)(P11] + |d12)(P12] + |d2z) (2]

1 . .
= (101 = €72 [10)) ({011 = €70 x1(10]) + [11)(11]
1
1 ) .
I (102) = 77005120 ) ((02] — €720 x3(20]) + |22)(22]
2
1 | |
+ ——— (A]12) — e P21 05]21) ) (A (12] — 21 09(21] ),
A2+ A3 ( ) ( )

where A1, Ao € Ry and g, P99, Vo1 € R.
As there are two As, we have more possibilities for taking the limit Ay — 0 and Ay — 0
than in the case d = 2. First we study the limit Ay — 0, Ay — 0 with constant ratio % =: a.

Subsequently we examine what happens when taking the limit A\; — 0 before the limit Ay — O.

4.2.1 Constant Ratio o

Starting with the case a = % = const., we obtain for the Hamiltonian acting on two adjacent

sites
lim A= [01)(01] + [02)(02] + [11)(11] + [22)(22] (4.10)
A1—0 A1
Ao—0’ Ag
1 . |
t <a|12) — et \21>) (a<12\ - 6“921<21]>

1 4 4
=101+ 102 - 5 (|12> + e*“9210421>) (<12\ + e”?la@ly) .
(4.11)
So in this limit, the Hamiltonian of the entire chain is given by
L-1
H = hi7i+1 (412)
i=1
L L 1 L-1 ‘ ‘
=S+ Y 20l - e 3 ((|12> + ewzla,21>> (<12‘ N emzlam,)) .
=2 =2 i=1 bt
(4.13)

where h; ;1 is defined as in Eq. .

To investigate the ground states of this Hamiltonian, we start with investigating the eigen-
states of h. In the product basis, h is almost diagonal. The only subspace h is not diagonal in
is the space spanned by [12) and |21). Diagonalizing the matrix

1 767;7921&_1
1+a—2 1+a—2
_6—119210{—1 a2
14+a—2 1+a—2

12)4-e~ 121 |21 12)—e~ 2147121
[12)+e a\>and\>e a”'21)

yields the additional eigenstates . The eigenstates that be-

V1+a? i Vita—2
long to zero energy are |00), |10), |20) and % =: |w) as can be seen by applying h

to them.
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Now, we will examine the ground states on a chain of length L > 2. Since our Hamiltonian
is frustration free, we know that it already minimizes the energy on every two neighboring sites.
We will make use of this fact by constructing the ground states for the chain of length L 41 out
of the ground states for the chain of length L. For this, we take the ground states on the chain
of length L and try a linear combination of this ground states extended with all possibilities for
the next site. Then, we apply the Hamiltonian to this linear combination and require the result
to be zero since zero is the ground state energy. As we already know the ground states on the
chain of length L = 2, we will start from those. The ground states for L = 3 must then be of
the form

|®) :=100) @ |21) + [10) ® |22) + [20) ® |23) + |w) @ |x4), (4.14)
where
|z;) = cé]O) + cil\1> + c§\2>, cé,ci,cé e C. (4.15)

We now have to find solutions of H|®) = 0:

H|®) = h12|®) +ho3|®) (4.16)
——
=0
- (]1 @181 +1e182)(2 18 -~ (\12) + e_m”ayﬂ)) ((12\ + e“912a<21\)>
- (100) @ fo1) + [10) @ foz) + [20) @ fas) + ) @ [za) ) (4.17)
= ¢1]001) + ¢5]002) + ¢7|101) + c3[102) + ¢§]201) + c3|202)
4 4
Cl —9 CQ —30
b4 (j121) + e Pna211)) + 2 (]122) + e 0210212 4.18
e (120 ) + s (12 212)) (418)
4 4
S BN (eml2y112> + a]121>> -2 (ei‘9121212> + a]221>> =0 (4.19)
(1+a?)2 (1+a?)2

The equation is satisfied if and only if ¢} = ¢} = ¢ = 3 = ¢} = 3 = ¢] = ¢} = 0 because

of linear independence. Therefore, the ground states are |®) = ¢§|000) + 2[100) + ¢3|200) +

\/% (|120) + e="210|210)) for arbitrary ¢, c3, 3, ¢t € C.

Going on to the chain of length L = 4, the ground states are of the form

1 .
B4) := |000) @ |1) + [100) @ |a) + [200)]z +7(120 +e—“921a210)® z4),
|4>|)|1>|>|2>!>|3>m|> 210) ) ® |z4)
(4.20)
where the states |z;) are defined as in Eq. (4.15)). Applying H to |®4) yields
H|®4) = (h12 + h23)|Pa) +h34|Py) (4.21)
=0
= ¢1|0001) + ¢3|0002) + ¢2]1001) + ¢31002) + ¢3]2001) + ¢3|2002)
4 4
Cl _“9 CQ —119
+7(1201 4 e 2142101 +7(1202 Fe2402102)) . (4.22
Viear 1200 210) + s (11202 2102)). (422

For fulfilling the condition H|®4) = 0, ¢!, cb have to be zero Vi = 1,2,3,4 due to linear

independence, and the ground states are given by |®4) = ¢§|0000) + c3|1000) + c3|2000) +
4 . .

J% (]1200) 4 e~"21|2100)) for any arbitrary ¢) € C, i = 1,2,3,4.
Now we show that, for a chain with length L + 1, the ground states are given by |0...0),

10...0), |20...0), and ﬁ (J120...0) + e~"™210[210...0)) if, for the chain with length L,
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the ground states are of the same form. We already know that this holds for a chain of length 4.
Let the assumption hold for any arbitrary 4 < L € N.
The ground states on a chain of length L + 1 are then given by

| @r41) =10...0) ® |21) +[10...0) ® |x2) +]20...0) @ |z3)

1 .
+7(120...0 +e—“921a210...0)®m , 423
where |z;) is defined as in Eq. (4.15). By applying H to |®741), we use that H is frustration
free:

L—1
H|®p1) =Y hig1|®op1) +hoa|®ria) (4.24)
=1
=0
=c1]0...01) +¢3]0...02) + ¢§]10...01) + 3]10...02) + ¢}]20...01) + c3]20...02)
B <y120 01) + e~ 7210|210 01))+ & (1120 02) + e~ 7210|210 02))
—_— e « —_— e (6%
V1+a? V1+a?

(4.25)

!
=0
Due to linear independence, ¢} = c¢b = 0,7 = 1,2,3,4, and therefore |®1,1) = ¢}|0...0) +
4 . .
cgylo...0)%3[20...0>lec+fﬁ7 (J120...0) + e~"210|210...0)) for any arbitrary ¢f, i = 1,2,3,4.
Since the statement holds for L = 4 and the inductive step has been performed, the state-
ment holds for any 4 < L € N due to the principle of mathematical induction. Including
the cases L = 2 and L = 3 which we calculated separately, we obtain that for any chain of
length L > 2, there are four ground states which are given by [0...0),|10...0),]20...0), and

=5 (/120...0) + ¢7""*10|210...0)).

Now we examine whether we obtain the same ground states by taking the limits of ¥(B) from
Eq. (3.6). For that, we apply the commutation relations (3.1]) and (3.2) to rearrange the terms
of the sum of Eq. (3.6)). Hence, we obtain

2
$(B)= Y Tr(Bui, ...vy)li1...iL) (4.26)
41...01,=0
L-1
. n—1
= Tr(Bvg...v9)]0...0) + Tr(Bug ... vov1) Z ()\161191()) 0. .. 0%0 ...0)
n=1 position n
L—-1
. n—1
+Te(Bug...vov) | Y (AQeW%) 0...020...0)
n=1 position n
L-1 L—-1
. n—1 . m—1
+ Te(Bug . . . vovavy) < ()\16“910) 3 ()\26“920) 0...010...020....0)
n=1 m=n position n, position m+1
L—-1 L—-1
+eay (Agew%)n_l 3 (Alemlo)m_l 10...020...010...0) |, (4.27)
n=1 m=n i T

position n, position m-+1
and it is not hard to see that
lim  ¢(B)=Tr(Bvy...v0)|0...0) + Tr(Buvg...vov1)|10...0) + Tr(Bvg ... vov2)[20...0)

+ Tr(Buyp . . . vovav1) <|120 L.0) + e W21q210. . 0>) (4.28)
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unless one of Tr(Buvg...vy), Tr(Bvy...vgv1), Tr(Bug. .. vov2), and Tr(BUo e Uo’Ug’Ul) vanishes
with A1 or Ao. Now, we show that for the matrices defined by Eq. and (| for n =2,
there always exists a B such that all traces do not vanish. Using the deﬁnltlons ) and .,
we obtain the matrices:

ei(ﬁ01+1902) 0 0 0
_ 0 eoiyy 0 0
vo = 0 0 ey, o (4.29)
0 0 0 Ao
00 ¢ o
v =00 0 X (4.30)
00 0 0
00 0 0
0 ¢ 0 0
0 0 0 0
_ 4.31
2710 0 0 n (431)
0 0 0 0
For
cc 00 0
| e o000
B = e 00 0| (4.32)
Altes 00 0

where ¢; € C for i € {1,2,3,4}, the traces are

TI‘(BUO .0 iL(Y01 +1902)

= C1€

(L 1)(1901+1902)

1921 (L 1)(1901-0—1902)

)
TI‘(BUO 1)01)1)
TI"(BUO UOUQ)

)=

Tr(Buw . .. vovavy 7921 e/ L=DBor-+d02)

Since none of them depends on A; or Az, none of them vanishes in the limit. For special choices
of ¢;, i € {1,2,3,4}, the vectors |0...0), [10...0), [20...0), and |120...0) + e~"21|210...0)
can be chosen linearly independently. These vectors are identical to those we obtained as ground

states of the Hamiltonian (4.13)).

Next, we would like to investigate whether a change in n caused by boundary modifications
yields a phase transition in this case of dimension d = 3. In order to alter n, we can once more
make use of the perturbation S introduced in Eq. . The fact that [H, S] # 0 in this case is
shown by the following counter-example

— __ 7 —i¥21 . —1
HS[120...0) = yH[120...0) = - — (y120...0> — e Wag \210...0))
# SHI|120...0) = 5(120...0 — e W _1210...0)_— 7 120...0),

and implies that computations cannot be done as easy as in the case d = 2, and thus we will use
degenerate perturbation theory to see what happens to the states.
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Degenerate Perturbation Theory

Using degenerate perturbation theory allows us to make a statement about the effect of the
perturbation S on the ground states and their energies, at least for small perturbation strengths
~. In order to improve readability, we set & = 1 and ¥ = 0 in this calculation. Restricted
to the eigenspace E(0) of H corresponding to the eigenvalue zero and represented in the basis

(|0...0>,|10...0>,|20...0>,%), S is given by

Sleq) = (4.33)

o O o o
o O O
o O o o
R O O O

which is already a diagonal matrix. Hence, the ground states of H are the states in zeroth-order
perturbation theory, and the energy shifts in first-order perturbation theory can directly be read
off from the matrix:

(1
Ey o

(1)
E\10...0>

(1)
E\Qo...0>

1) B
E%(Ilzo...o)ﬂmo...o» -

=0

gl
0

7
2

Since the states |0...0), [10...0), and |20...0) are also eigenstates of S, the states in zeroth-
order perturbation theory and the energies in first-order perturbation theory are exact. However,
the vector [x(©) := %(\120. ..0) +1210...0)) is not an eigenvector of S, so first-order pertur-
bation theory for this state results in

Sy (0)
NOSINCINE S WW

B0
120...0| — (210...0[) S (]120...0) + [210...0)) 1
-1

EANUNEAC (]120....0) — [210...0))

S

2

1 1
:5(1120...0>+1210...0>)—ﬁy(\mo...m—|210...0>)

:\}5«1_’;) 120...0) + (143 ) 210...0))

where the vectors |m) indicate the eigenvectors of H. The numerical computation for v —
1 is presented in Fig. For v+ = 1 and L = 6, we obtain the first excited state as
0.383]120000) + 0.924|210000). Thus, the first excited state is expected to lie in the subspace
spanned by [120...0) and |210...0) for all vy, and if this assumption is correct, this state can be
calculated analytically. The calculated state can then be checked for being an eigenstate what
justifies the assumption a posteriori if it is really an eigenstate.
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Dependence of the eigenvalues on vy

Dependence of the eigenvalues on A

1.0 1.0
=

0
el +
4 T
o 1 @
% o
= @
© | 3
> <
= >
g =
()
8 0.0 9
(]

—0.2 ] —0.2}

—0.4t ] —0.4}

1.0 0.8 0.6 0.4 0.2 0.0 0.0 0.2 0.4 0.6 0.8 1.0
A Y

Figure 4.3: The plot on the left shows the eigenvalues of H less than or equal to 1 vs. A := A1 = Ag
(meaning « = 1) in the case of length L = 6. On the right, the dependence of the
eigenvalues < 1 of H + S on ~ is depicted. The states [0...0) and |20...0) are
ground states, even for increasing . Hence, the ground state is still degenerate. The
linearly increasing state is |10...0). The forth former ground state (red curve) is the
one we assume to lie in the subspace spanned by [120...0) and |210...0).

Exact Calculation

As just mentioned, we may be able to calculate the first excited state exactly. For that, we will

use the assumption that the first excited state lies in the vector space span{|120...0),[210...0)}
which is also generated by the eigenvectors |x1) := w and |y2) := w
of H. Then, we check whether the computed state is really an eigenstate since if it is, the
assumption is justified.

The vectors |x1) and |x2) are mapped by H and S to

Hlx1) =0, H|x2) = |x2)

ol v
Sly1) = —=[120...0), Slyg) = ——[120...0
Ix1) \/5\ ) Ix2) \/5’ )

so that the matrix elements are given by

X for | X) = or | X) =
<X|(H—|—S)|X1> _J)2 ’ > ’X1> ’ > ’X2>
0 otherwise
3 for |X) = |x1)
(X|(H +8)|x2) =41+3  for|X) = |x2) -
0 otherwise

As H + S is self-adjoint, the only non-vanishing matrix elements are

M = <,Y 1 7).
2 2

_l’_
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Diagonalizing M leads to the characteristic polynomial

3w 3 2 i
det {57 4 7 )= -+ hrts, (4.34)

from which the energies

11
xlz%—kg 2 +1 (4.35)
11
332:%—5\/72—1—1 (4.36)

can be extracted. These do not depend on the length L of the chain, because for larger L, there
are only zeros on sites 3,4, ..., L — 1 which do not contribute to the energy. Therefore, the only
sites relevant for the energy are the first three sites.

We are interested in the eigenstate with the smaller eigenvalue z9 € (0,1 — %) for v € (0,1),
and since 1 — % < 0.5, this eigenvalue belongs to the first excited state as can be seen in

the numerical result in Fig. This state is given by |[v) = N (7|X1> +(1—+/1 +’YQ)|X2>)~
Finally, normalization leads to the first excited state

(1= VAZ+T+9) 120..0) + (VA2 F 1= 1+7) [210...0)] .

1
v) =
2\/72—1—1— Y2 +1

A simple calculation shows that H|v) = (77“ — %\/72 + 1) |v). Accordingly, the assumption

that the first excited state lies in the subspace generated by [120...0) and |210...0) for all
was justified.

Let us now have a look at the Hamiltonian for v = 1 which is then given by

H :=H+S (4.37)
L L =, ‘ A
= Z [1)(1]; + Z 12)(2|; — 7 a2 Z <(|12> + e—zﬂ21a|21>> <<12| + 6“92104<21‘>)“+1 _
i=1 i=2 i=1 ’
(4.38)

As computed previously, it has the ground states |0...0) and |20...0). Hence, the ground state
is twofold degenerate, and this Hamiltonian belongs to n = 1, d = 3, albeit not of the desired
form

L

L—1
>l + Z 12)(21; (4.39)

i=1

because it still contains a two-particle interaction. Nevertheless, it serves as an example of a way
to force an alteration of n only by adding a modification to the boundary. But even in this case,
the change of the ground state space has only an effect on the edge of the system and the bulk
remains continuous.
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Adding a Perturbation Acting on Particle Type 2

Next, we analyze the transition n = 1 — n = 0 for dimension d = 3. Therefore, we turn on a
perturbation acting on particle type 2 on the first site with perturbation strength £

W= p3]2)(2| ® 1, B >0, (4.40)
yielding the Hamiltonian
H'=H +W (4.41)

L L
= ST+ S 1262k + 812) 2l
=1 =2

L-1
1 —i0 )
- ; ((112) te zla’21>> <<12y Le 21a<21’>>i,i+1 . (4.42)

Calculating the expectation values of the ground states of H” shows that the ground state
|20...0) gains the energy 3, and therefore no longer belongs to the ground state space. Since
|20...0) is an eigenstate of W, the energy increases linearly with the perturbation scale 8 as can
be seen in Fig. So |0...0) is the only ground state of the Hamiltonian . As a result,
this Hamiltonian belongs to the case n = 0 and d = 3. But even for § = 1, the Hamiltonian is
not translation invariant.

) GDependence of the eigenvalues on A 1 CDependence of the eigenvalues on v 1 GDependence of the eigenvalues on 3

0.8F
. 0.6
" S
+
= + 0
Gt 1= 0.4t 1+ o0.4f
] I m
%] o
(0] » ‘*5
=1 Q
k= ¢ »
g 15 ozp 18 o02f
a > =
3] <] ©
> 5 >
o sy =]
3 k= )
0.0 o 0.0 2 0.0
]
-0.2f 1 -0.2f {1 -o0.2f
—0.4f 1 -o04f 1 -04f
1.0 0.8 0.6 0.4 0.2 0.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
A Y Ié]

Figure 4.4: On the left, the figure shows the dependence of the eigenvalues of H =
Sico (D1 +12)(21) — 5 305" ((112) + 21) ((12] + (21])); 541 on A == A = Ko
in the case L = 6. Only the lower part of the spectrum is plotted since we
are interested in the energy of the ground states and the first excited states. In
the middle we see how the eigenvalues of H + S = S°%  [1)(1]; + 32K, [2)(2); —
%ZZL;II ((112) +[21)) ((12] + (21)); ;41 depend on 7. On the right, the plot depicts
the behavior of the eigenvalues of H+S+W = S>5% 1) (1,435, [2)(2]i+8[2)(2]; —
23 ((112) + 121)) ((12] + (21]));;,, depending on B. It shows that the ground
states split up and the energy of the new first excited state |20...0) increases lin-
early with . The remaining ground state |0...0) remains constant at zero energy.
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Adding a Perturbation Acting on Both Particle Types

So far we have only changed n by one; in the following we strive to examine the situation when
the number n of particle types occurring in the ground states is altered by 2, i.e. from 2 to 0. In
order to do this, we make an ansatz containing a perturbation which acts on both particle types
on the left boundary:

V=s(D{1®l 1+ 2@l 1), >0 (4.43)

where 171 acts on (L — 1) sites, and § denotes the perturbation strength. The commutator of
H and V vanishes, which can be proven as follows:
h can be decomposed into a diagonal part and a non-diagonal part:

h = 01)(01] + |02)(02] + [11) (11| + |22) (22| +

=:hp

1 | |
iy (a|12> - e—“921|21>) <a<12| - e“921(21|>

=:hN
The diagonal part commutes with V since V is diagonal as well, thus

[h,V] = [hp, V] +[hn, V].
T

The remaining commutator [hy, V] also vanishes what can be seen by

hV = < (a\12> - e*iﬂ21|21>) <a<12| . 6“921(21|>> SN @1+ 22 ®1)

14+ a2

« —id 1
- 12) — 22121)12

<|21) - 6“92104\12>> (21|>

= Vhn =6 (|1){1]® 1+ [2)(2| ® 1) <1 +1a2 (a|12> - e_w21|21>> <a<12| - em21<21|>>

a2

1
1+a2

:5( 2 _12) (a<12y—e“921<21|)+

T 21) ((21] - ew21a<12]>>

(\21) - ewma\12>> (21]) .

a2

a } 1
—5 ( 12) — e~ 02 21) 12
(1 (a2 - e opm) 21+ 15

So [h, V] = 0, yielding for the total Hamiltonian

L-1
[Hv V] = Z[hx,x-i-l, V]

rx=1
L—1
=[h ()1 @1+ eD]el® @1+ Y [hrer1,V]
r=2

L-1

=) 1® - 2Ighel®--1,V]=0,

=2 z_1>1 times

which is also confirmed by the linear increase in § as plotted in Fig. The ground states

|0...0), [10...0), [20...0) and |120"'0>+\e/1:9:2a|210“'0> are already eigenstates of the perturbation
V. Therefore, the eigenvalues can be summed and since three of the former four ground states
get a positive energy, the four-dimensional vector space of the ground states becomes a one-
dimensional subspace spanned by [0...0). Due to the fact that a change only happens at the

boundary, the bulk of the system again remains unchanged. Thus, we obtain no phase transition.
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. Dependence of the eigenvalues on §

L
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Figure 4.5: On the left, the eigenvalues of H less than or equal to 1.5 are shown as functions
of A := A1 = A2. The plot on the right depicts the dependence of the eigenvalues
of H+V on d. The linearly increasing curves indicate that [H,V] = 0. For ¢ >
0, the only remaining ground state is |0...0); the states |10...0),]20...0), and
5 (]120...0)) + e7"21]210...0) increase with 6. Therefore, the degeneracy of the
ground state is removed.

In this case, the Hamiltonian belonging to n = 0 and d = 3 where we set 6 = 1 is given by

H =H+V (4.44)
L L 1 L—-1 . .
= Z [1)(1]; + Z 12)(2|; — Tra? Z <(|12> + 6_“921a‘21>> (<12| + 6“921a<21|>>“+1 7
i=1 i=1 i=1 '
(4.45)

which, again, is not translation invariant.
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4.2.2 Taking the Limits One After The Other

In the last section, we investigated the behavior of the PVBS-model when taking the limits
A1 — 0 and Ao — 0 with constant ratio —1 In the following, we examine the case where the
limits A\; — 0 and Ao — 0 are taken consecutively, i.e. a particle of type 1 binds to the left edge
before particles of type two do.

Taking the limits this way, the Hamiltonian acting on two neighboring sites is given by:

1 . )
,\lzigo Alligoh - ,\lgigo,\lligo 1+ A2 (|Ol> B e_ww)\l’lw) (<01‘ B ewm)\lum) +[11)(11
1
1 . )
e (102) = 720 x5120) ) ((02] — €720 A3(20]) + |22)(22]
2

n ()\1|12> _ 6—i7921)\2|21>) ()\1<12| — eiﬂ?l)\2<21|) ]

S
A+ A3
= lim [\01>(01\+\11><11\+ ! (yoz> —“92%2\20>) ((02\—(31’02%@0\)
2

+122)(22] + \21><21@
= |01)(01] + [11)(11] + [02)(02] + [22)(22] + [21)(21]
— 1@ 1)1+ 1 [2)(2] — [12)(12]

Hence, the Hamiltonian

L—1
H = th-i-l D (D) {(WUigr +12)(2l1 = [12)(12]i.541) (4.46)

=1

acting on the entire chain is already diagonal if it is written in the product basis. The ground
state space is spanned by [0...0), [10...0), |20...0), and [120...0).

In order to verify that we obtain the same ground states by starting with (B), we take the

limits of Eq. (4.27):

lim lim ¢(B) = hm (Tr(BUO v0)[0...0) + Tr(Buvg...vov1)|10...0)
)\24)0 )\1*}0

L—-1

n—1
+ Tr(Buyp . . . vova) ()\26“920> 0...020...0)
=1

3

position n

—_

S ()\zewm)mil 110 . ..0%0...0>>>

m= position m+1

= Tr(Buvg...v9)[0...0) + Tr(Bvg ... vov1)[10...0)
+ Tr(Bug . .. v9v2)|20 ... 0) + Tr(Buwyg . . . vov2v1)[120. .. 0)

+ TI"(BUO .. vgv2v1

/\
h

,_.

This only holds if Tr(Buvy ... vo), Tr(Bug . .. vov1), Tr(Bug . . . vove), and Tr(Buy . . . vgvav1 ) do not
vanish in the limit. Since we are explicitly able to provide an appropriate B (cf. Eq. ), we
know that a B exists such that the traces do not vanish. As this B allows us to obtain the vectors
|0...0),]10...0),|20...0), and |120...0) separately, the ground state space is four-dimensional.
These states are equal to those we found as ground states of the Hamiltonian directly.
Since h; ;41 is diagonal, it is obvious that [h; i1, hjj+1] =0 Vi,j =1,2,..., L—1. Therefore,
after taking the limits Ay — 0 and Ao — 0, the eigenvalues of H become integers as can be seen

in Fig. 6|
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Figure 4.6: The plot on the left depicts the eigenvalues of H dependent on A\; where Ay = 1— Wl()o’
exemplarily in the case of chain length L. = 6. Here, only the eigenvalues which are
less then or equal to 2.5 are shown for clarity. On the right, the dependence of the
eigenvalues of H on Ao where A1 = 0 is shown. For Ay — 0, the eigenvalues become
integers; this indicates that for Ay — 0 and then A2 — 0 the h; ;41 commute with
each other.

Adding a Perturbation Acting on Both Particle Types

Now, let us change n from 2 to 0 by adding the perturbation V' acting on the first site and both
types of particles (cf. Eq. (4.43)) to the Hamiltonian:

L—1
H=H+V = (1111 +2)2lis1 — 12)(12]i501) + S (DA @ T+ [2)(2/ @ 1) (4.47)
s 1:1L L—1
ZEST 0 + 12020 — > 12) (2] (4.48)
=1 =1

The states [10...0), [20...0) and |120...0) are eigenstates of V' with eigenvalue §. Hence, their
energies increase with J, and they do not belong to the space of ground states anymore which
means that the gap vanished. The only ground state left is |0...0) and the Hamiltonian belongs
to n = 0 although it does not have the desired, translation invariant form (4.1)).
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Figure 4.7: The figure shows (exemplarily for L = 6) the eigenvalues of H dependent on \;
for A2 = 1 on the left, and dependent on Ay for Ay = 0 in the middle. The plot
on the right depicts the dependence of the eigenvalues of H + V on §. The linear
increase indicates that [H, V] = 0. What cannot be seen explicitly is that the states
[10...0),]20...0) and |120...0) increase with J, so the remaining ground state is
only [0...0).

Adding a Perturbation Acting Only on One Particle Type

By taking the limit Ay — 0 before the limit Ao — 0, particle type 1 is given a special role. And
though this was not important yet, it becomes relevant for the change n = 2 — n = 1 because it
makes a difference whether the perturbation on the first site acts on particle type 1 or particle
type 2.

To see this, we consider the perturbation acting on particle type 1:
Sq = 71|1><1] ®1, 1 > 0. (4.49)

The ground states of the Hamiltonian

L-1

H'=H+ 8 = Z (D i1 +12) 21 — 12)(12f5541) + 1 [1)(1 @ 1 (4.50)

are given by |0...0) and |20...0) such that the Hamiltonian belongs to n = 1. For v, = 1, the
Hamiltonian can even be written in the form

L L-1
H' =Y [0+ Y (1221 — 12)(12]i41) - (4.51)
=1 i=1
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In order to change the number of particle types occurring in the ground states from n = 1 to
n = 0, a perturbation acting on particle type 2 is added to the first site:

Sy = ’}/2’2><2| ® 1, Y2 >0 (4.52)

L _
H":=H+ 8 +8 => [+ >_ (12)(2lix1 — [12)(120541) +12/2)(2| @ 1 (4.53)

This Hamiltonian belongs to n = 0 since the only ground state is given by |0...0). For v, = 1,
we obtain the same Hamiltonian as in the case n =2 — n = 0.

However, if the perturbation acting on particle type 2 (Eq. ) is added first, we obtain
the following Hamiltonian

L-1
H'=H+8 =) (1)(Lir1 +[2)(2ir1 = [12)(12]i41) + 721202/ © 1 (4.54)
=1

with ground states [0...0), [10...0) and [120...0). That is interesting since, in this case, the
degeneracy of the ground state is three and not given by 2" where n € N. Thus, the Hamiltonian
H' given in Eq. (4.54) does not fit to the scheme of PVBS.

4.2.3 Manipulations on the Entire Chain

The Hamiltonians we obtained in order to change n read for o = const.,

i) i)
et = Z I1)(1); +Z 2020 — 72— Z ((\12 —i 21042”) <<12\ + e 21a<21’>)i,i+1

(4.55)
L-1
—id i
e = 211 1|Z+Z\2 )2l — Z; ((112) + e aj21) ) (12] + €2 a(21] )m‘+1’
(4.56)

and those for Ay — 0 before Ay — 0, read

n=2-sn= O—Z!l 1|z+2\2 {2l = ZH? (12[ii41 (4.57)
n=2-n= 1—211 1Iz+ZI2 (2l = ZIU (12[5i41- (4.58)

They all have in common that there are still terms of a two-particle interaction. Now, we try to
artificially eliminate them.

This can be achieved by adding terms like

Wit = (g (|12> n e*wﬂayzn) (<12\ + eiﬁ21a<21|>>”+1, i=1,...,L-1 (459

in the cases where a = const., and taking the limit ¢ — 1. In the case n = 2 — n = 0 and
n = 2 — n = 1, respectively, this yields the Hamiltonian

L

n=2-n=0= Y (I1){1l: +12)(2l;) (4.60)

i=1
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and
L L
H)_y ey = > I+ Y [2)(2)i. (4.61)
=1 =2

These are the forms we desired for the Hamiltonian if d > n 4+ 1. As can be seen in Fig. ,
the added terms leave the gap open so the ground states remain the same, and therefore the
system does not undergo a phase transition.

Dependence of the eigenvalues on § Dependence of the eigenvalues on ¢
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Figure 4.8: On the left, a part of the spectrum of H vs. A := A1 = A for L = 6 is shown.
The linear dependence of the eigenvalues of H + V on the perturbation strength ¢
is depicted in the middle. On the right, we see how the eigenvalues of H + V +
Zf:_ll wj i+1 depend on €. For € — 1, all eigenvalues become non-negative integers.

In the case where A1 — 0 before Ay — 0, the terms of a two-particle interaction still remain
on the entire chain, but they are not entangled like in the case of constant ratio a. So we can
obtain the Hamiltonian or (4.61) by adding a two-particle interaction like

w;,i-{-l = p|12><]—2|l,l+17 1= ]-a ... 7L -1 (462)

and taking the limit p — 1.

Since the operators w; ;41 and w;z 41 represent two-particle interactions, it might be difficult
to realize them in an experiment. Moreover, they have to be provided on the entire chain. Thus,
for n = 2 it is not possible to obtain a Hamiltonian which has the same effect on every site,
except the first one in the case n = 2 — n = 1, only by modifying the boundary. However,
in chapter [6] we will develop a new modified form of PVBS which is capable of avoiding this
problem.
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4.3 Moving Particles from One Boundary to the Other

Coming back to the case of dimension d = 2 and n = 1, we now try to examine whether it is
possible to move the particle from one edge to the other continuously. For that, we construct a
path by superposing the Hamiltonian h as a function of A or A1, respectively, and using 6 € [0, 1]
as an interpolation parameter. For readability, ¥o; is fixed to zero. In order to send the particle
to the edges, we take the limit A — 0:

g 0000 + 0= 0071 =y [

+ [11)(11] + HAQ ((1 = A®)01){01] + (N> — 1)|1o><1oy)]
=|11)(11] + |10><10| + 6 (J01)(01| — 10)(10])
=1 -0)1)(1®1+01®[1)(1]=hl,,

(A2101)(01] — A[01)(10] — A[10)(01] + |10)(10])

Dependence of the eigenvalues on ¢

w

eigenvalues of H/,
N

=

0
0.0 0.2 0.4 0.6 0.8 1.0
6
Figure 4.9: The plot depicts the eigenvalues of HY := S 1hfz+1 = (1 —6)1)(1 +

SSESH1) (1) + 0]1)(1], dependent on 6 for a chain of length L = 5. For 6 = 0
or § = 1, the ground state energy is degenerate. In the case 8 = 0, the ground state
space is spanned by |0...0) and |0...01), whereas in the case § = 1, it is generated
by |0...0) and |10...0). For # € (0,1), the only ground state is [0...0).

On a chain of length L, the Hamiltonian is then given by

L-1

H, _thz—l-l (L= O)[1) (1 + D [1)(1]; +0[1) (1.
=2

Interpolating 6 from 0 to 1, we see that in the cases # = 0 or § = 1 the particle binds to the
right or to the left edge. As can also be seen in Fig. for 6 € (0,1) the degeneracy vanishes,
and the particle on the chain does not belong to the ground state (the only ground state is
|0...0)). Moreover, the important change only happens at the boundaries. For 6 € (0,1), this
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Hamiltonian also belongs to the case n = 0,d = 2 since there are d = 2 possibilities for each
site (particle or vacuum), but in the ground state only the vacuum occurs, i.e. n = 0 particles
appear in the ground state space.

Using a ring of length L instead of the chain, we obtain the Hamiltonian

L L
HY = Zh?,z‘+1 = Z 1) (Ll:,
=1 =1

which has no edges at all, meaning that all sites are equivalent. Therefore, the only ground state
is given by [0...0), independent of 6.

So, in the case of periodic boundary conditions, the Hamiltonian is constant and there is only
one phase for all . Using open boundary conditions instead, we can move the particle from one
edge to the other. Nevertheless, since the system only changes at the boundaries, we may not
call it a phase transition.

Now we strive to investigate whether we obtain an analogous Hamiltonian in the case d =
3, n = 2. For that, we superpose the Hamiltonian h for (A1, \2) and the Hamiltonian h for
(A75 A5 1Y), and take the limits A; — 0 and Ay — 0:

lim [0h(A1, A2) + (1 — O)A(AT!, A1)

)\1 —0
)\2*}0

. 1
_ §1;1§8 [|11><11y +[22)(22] + 9<1H% (101) — A[10)) (01] — Ay (10])

*@;xymm—Mﬂmﬂmﬂ—M@%+i:@gﬂm%4m»ma2—@m>

+ﬂ—®(1jﬁ(MMD—H®NM®H—QW)

1

+1+>\§

(32102) = [20)) (2(02] - (20]) +

<um—auwﬂam—a@m)] (4.63)

=0 (]11><11\ +122)(22| +101)(01| + |02)(02| 4+ 1 +1a2 (a]12) — |21)) (]12) — |21))>

+(1-0) (\11)(11| + 122)(22] + 110)(10] + 20)(20] + —— (12) — al21)) ((12] - a<21y>)
(4.64)

For a = 1, Eq. (4.64) can be simplified, but it is not of the same form as in the case d = 2, since
there is still a two-particle interaction:
lim [0h(A1, X2) + (1 — )M A5 2)]

)\1 —0
A2—0

=01 +1e(2)2)+ 1 -0)(N)A[e1+[2)Ee1) - ([12) + [21)) ((12] + (21])

1
2
Nevertheless, putting this Hamiltonian on a chain of length L yields
L—1
He = (1= 0) (111 + [2)(201) + Y (1)1 +12)(21) + 0 (1) {1z + 2)(2]2)
i=2
=
~3 D ((12) + [21)) ((12] + [21))), 41 »

i=1
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which is for § = 0 or § = 1 the Hamiltonian describing the particles linked to the edges, and for
6 € (0,1) the Hamiltonian belonging to n = 0 and d = 3. Hence, it is indeed possible to move
the particles from one edge to the other by scaling 6.

In the case of a ring, all sites become equivalent, and thus the problem again provides trans-
lational invariance and resembles periodic boundary conditions as in the case d = 2:

L

Hp = Z (!1)(1\1 +12)(2|; — % ((112) +121)) ((12] + <21‘)>m‘+1) 5

i=1
where site L + 1 is equal to site 1.
All in all, each of the manipulations under consideration was capable of changing the ground
state degeneracy without actually causing a phase transition. This fact exhibits the necessity to

aim for a finer definition of quantum phase transitions in the case of open boundary conditions
for one-dimensional gapped phases.
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5 Renormalization Group Transformation

The aim we pursue in this chapter is to understand the long-distance information of PVBS
and what A — 0 means in this context. For this, we make use of the Renormalization Group
(RG) transformation, explained in section We examine whether the system is stable under
blocking, i.e. grouping adjacent sites into effective new sites. If it is not, we look for physical
reasons which may cause these instabilities.

5.1 One Particle Type

First, we examine the case of one particle type that is n = 1 and dimension d = 2 and see
whether the system is stable under blocking sites. Squaring the transfer matrix defined by

T=> v, (5.1)
7

we obtain, by using the commutation relations (3.1)) and (3.2)), that 7?2 is of the same form as T":

T? = (v ® T + v, @ 71) (Vo ® Tg + v1 @ Ty)
= vj ® Vg + vov1 ® DD + V1V ® V100 + V11 OV

10 \jvgv1 ®e~ 010 M1 595; O
— RO+ (Mvom) ® (Mvm)

Using the definitions

v 1= vg, v] = /1 + Mg, (5.2)

T? can be recast as
2 / —/ / —/
T" = vy @7y + vy @7y,

consisting of two terms. That is reasonable as squaring the transfer matrix physically corresponds
to grouping two adjacent sites. So two neighboring sites become a new site, and since there are
two possibilities for such a blocked site, the transfer matrix squared consists of two summands.
These two possibilities for a blocked site are: Either there is one particle on one of the former
two sites, or there is no particle on one of the former two sites. Investigating whether the new

v}, € {0,1} satisfy the commutation relations (3.1) and (3.2))

. ! . o7
vivh = /1 + Mg vivgug = 271003 vgug /1 + Noguy = P10\ vhv} (5.3)

) —_———
6“910)\1”0711”0 1)6 'Ui
viv] = (14 A3) vovivovr = (1 + AY) 10 \ v v1v; = 0 (5.4)
0
leads to the conditions for the new parameters
=201, M =X (5.5)
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This system, consisting of a chain with one particle type, is stable under blocking.
Applying the commutation relations (5.3)) and (5.4]) to 7?7 which corresponds to grouping p
sites with 2 < p € N results in

p—1
TP = (v ® o+ v1 @01’ =vh @0 + Y A" vy @0 1.
n=0
Here, the sum can be reduced to two terms as well, leading to new vl(p )
sites:

s for the p-times blocked

p—1

p) . -1
vg).: g Aol

n=0

These vgp ) also satisfy the commutation relations

p—1
(p) 2n 2n p 1 z(p 1)¥10 \p—1 p 1
v v Al PP e Al A viv; =0
1 1 Z 0 V1Y V1= Z 10 1
p— p—1
ng)vép) _ %n uh~ U1U0 — Z)\Zn p—1 zpﬂm)\p
n=0
— lpﬁlo)\p p) L 6219516))\
if 19%) and )\gp ) fulfill the conditions
19(27) = ) )\(P) — )\P 5.6
10 = PvV10, 1 1 (5.6)

The relation 1) for )\gp) means that if the number of grouped sites p — oo, )\gp) — 0 for

A1 <1lor )\gp ) o0 for A1 > 1. We can comprehend what physically happens as follows: For a
chain of sufficient length, the particle is located near the boundaries, even if the corresponding
A1 is close to one. By increasing the value of p, the sites grow ever larger such that the particle
gets eventually placed on one of the boundary sites since the probability for the particle to
stay far away from the edges decreases rapidly (cf. Eq. ) Therefore, it is reasonable that
the remaining information only consists of the preferred side being either left (A\; < 1) or right
(A1 > 1). Since the information how strong the particle binds to the edges seems to be a
short-distance information, it vanishes in this limit. So the long-distance information is which
boundary a particle binds to. Considering A\; < 1, blocking leads to the limit we investigated in
chapter [4]

However, if the chain length L is finite, the actual limit stops at p = L where the entire chain
is only one site. In that case, the only information left is whether a particle occurs in the ground
state or not which makes it effectively the long-distance information.
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5.2 Two Particle Types

Let us now have a look at the case of two particle types, and investigate which effects can be
observed by blocking. Squaring 7" and applying the commutation relations (3.1]) and (3.2)) yields

T2 = (vg ® To + v1 ® Ty + v2 @ ) (5.7)
= U% & 17% + vov1 ® VoU1 + V1V ® V1V +Vov2 & VU2 + V2Ug Q) V20 +11V2 @ V1U2 + V201 & V201
——— ——— ———

A2vv1 @Dy A2v0v2 @02 )\%)\;201U2®51172
(5.8)
= U(Q) ® 1_)(2) + (/\% + 1) VU1 K VU1 + ()\% + 1) Vo2 Q VU2 + ()\%/\1_2 + 1) V1V2 & V109, (5.9)

which is a transfer matrix consisting of four terms, instead of three terms that would have
been the structure of 7. This is, as previously mentioned in section 2.1.1} because of the four
possibilities of states that a blocked site can attain: Grouping two adjacent sites yields for a new
site to be occupied by a particle of type 1, by a particle of type 2, by particles of both types
or the vacuum. A calculation of the Kraus rank of T2 yields that 7?2 indeed has this structure
of four terms. Hence, it is not just physically reasonable but also mathematically consistent.
Therefore, the system of a chain with two particle types is not stable under blocking the sites in
the first step. Nevertheless, we can also define new matrices v}, ¢ € {0,1,2,(12)} where (12)
denotes the new case of two particles of different types being on a site:

vh = v, v = /1 + Mgy,
vé =4/14+ )\% VU2, 11212) =/1+ Af2)\§ V1V3.

This will prove useful when developing our new model later on.
We find the following commutation relations that slightly differ from those mentioned in Eq.

(3.1) and (3.2) for the new v:
, 4 Y
vivh = /1 + XN vguivgug = e*P10031 /1 + A2 vgugugrr = 20N plv) = PN v} (5.10)
. . ! ;9!
vl = 1/ 1+ M vgvavgug = €202 021 /1 + X2 wgugugva = €20 \2uhvl, = V20 Novlvl,  (5.11)

- _ _ Y —1
vivh =1/1+ )\%MUO’Ul’Uovg = ¢i(V10tv12 1920))\%)\2 2ol = e NN T uh! (5.12)

HEH

Vi)V = /1 + A 2A3 v10gugug = €2i(1910+1920)>\%)\%v(,)0212) = ewl(mm)\(m)vf)vzm) (5.13)
U/1UE12) = UE12)U,1 = Ué”{n) = UElQ)Ué = V] = vuy = UE12)U212) =0 (5.14)

The corresponding conditions for the new X, and 19% are

¥ = 2tho, Ny = A2 (5.15)
W50 = 2020, Ny = A2 (5.16)
91y = Y10 + Y12 — Va0, NN =2 (5.17)
19,(12)0 = 2(Y10 + V20), A(12) = ATA3. (5.18)

Furthermore, there exists an additional commutation relation, which has no analogue among the

commutation relations (3.1) and (3.2):

UE12)U6 =4/1+ )\1_2)\3 v1UaUoUy = /1 + )\1_2)\% 2920 \2¢1910 )\ | g u1 vpvs (5.19)
NV N i (910+2920) /1 (5.20)
= 5 3 102 '

NN TSy

Taking for granted that these commutation relations are obeyed, we will construct a modified
form of PVBS in the next chapter.
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6 Blocked PVBS

Investigating the case of two particle types, we learned in section [5.2] that the system showed
unstable behavior under blocking. This is not surprising since in the case n = 2, T? (Eq. )
consists of four terms as there are four possibilities on two blocked sites: a particle of type 1, a
particle of type 2, two particles of both type 1 and type 2, or no particle at all. Due to this, we
aim to extend the model of PVBS such that there are four levels per site: |0),|1),]2),](12)), where
(12) denotes the new possibility of both particle types occurring on the same site. Moreover,
0212) is closely related to the product of v} and v} (cf. Eq. 1’ since, depending on how the
sites are blocked, two neighboring particles can be on the same site or on two different sites after
blocking (see Fig. . Nevertheless, both possibilities appear in the same superposition state
as they did before the blocking, what we have already seen in Eq. .

O-O010-0710-0
O-0O10-O010-0

Figure 6.1: The upper image shows two adjacent particles being on the same site after blocking.
In contrast, in the lower image, they become located at different but adjacent sites.

Since blocking the sites does not lead to the same structure of the transfer matrix and the
commutation relations, we establish a modified form of PVBS, called blocked PVBS, and inves-
tigate their properties. The commutation relations that follow from blocking are now assumed
as given:

v}vé = eiﬁ?o)\;v(’)v;», ji=1,2 (6.1)
U(12)U6 = 6“9/(12)0)\/(12)1)60212)’ where )\'(12) = N\ (6.2)
vivh = e XA, o) (6.3)
0212)7]6 = Ny ¢! (01042020040 where p/ = )\% 2 z (6.4)
NES e
viv) =0, j=1,2,(12) (6.5)
U}UEIZ) = vélz)v; =0, 7=1,2
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6.1 Renormalization Group Transformation

In this section, we check on whether blocked PVBS can be blocked again and still satisfy the new
commutation relations, i.e. whether the modified model is stable. Blocking the blocked PVBS
and applying the commutation relations (6.1]) through , we obtain the transfer matrix

2
T"? — (U(’) ® ) + v] @ U] + vh @ Uy + 11212) ® 5212))

=@ @ + (14 X7) vhol @ a0; + (14 X5°) vhop © o}
NN+ X) (1 + A'BA'J)) o

1 71 —2\72
+< +)\1 )\2 + (1+/\/1)<1—|—A/2) 1U2®U1U2

As the transfer matrix can be written as a sum of four summands, the structure is retained.
Defining new v/s as

" 12
vy =5, = /1 + MN2vju]

_ M2+ M) (1 + X222

12 "o _ 1 —2y/s2 2 1 2 1 2 rod

\/1—*—7)\'()0'[)2, U(12) = \/1 + )\1 )\2 + (1 T )\/1)(1 T )\/2) UIUQ
=:9(A\],A5)

and using the commutation relations (6.1)) through for the v}, the commutation relations
for the v

"o 21191())\/2 ) i ol 10)\// " //
1 =

ViU =
o 29 N2 o L G N
VyUy = €720 \57 v = €720 Ny Uy
-9/ Y _ ! " L
Ulllvé/ _ 61(1910+1912 1‘}20))\/2)\/ 21)5/1)1/ = 11912/\///\// 1 5/0/1/
V" _ 2i(010H+0%0) \12)12, // V! L i o
(12)U0 =€ 10 7720 )\ A ( 2) = e (12) )\(12)1)0'1)(12)

19104-21920))\ )\/2 ( /\,) o
NiES N E i
M+ A5+ XN (L+MAg)

NAES VIV EDY: e

_',LL//
" n_n nono_ NN
V1V12) = U(12)U1 = UaV(12) = U(12)”2 = V1V = VU3 = U(12) (12) =0

" o i
U(lZ)UO =¢'

i(9] 0+21920))\// \/

:€

can be verified under the following conditions:

Py = 20 P =7
0 = 205 5= X7
12 =Yg + V15 — Vg NG = NP
79/(/12)0 = 2(J + Uy0) /\/(,12) - /\/12)\/22

Since the commutation relations are satisfied, the system is stable under blocking. Therefore,
we can now proceed to study the ground states.
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6.2 Investigation of the Ground States

Let us now examine what ground states are provided by the v, i € {0,1,2, (12)}. Making use of
the commutation relations (6.1]) through we found by blocking the sites, the ground states
on a chain of length L = 2 can be written as follows if we require the ground states again to be

given by ¥(B):

(B) = > Tr(Buj v}, )|izi1) (6.7)

i1,i2€{0,1,2,(12)}
= Tr(Bu}v})|00) + Tr(Bulyv}) <|10> + e”’wxl|01>) + Tr(Bulyh) (|20> + ew/?OXQ]OQ})
+ Te(Bufvy) (|(12)0) + 20\ N [0(12)) + g/ e P10+ 2920) o Plazpo \1 1)

i H/flxlafleiﬁ/uefi(ﬂ1o+21920)6“9/(12)0|12>) (6.8)

The ground state space is four-dimensional what can be proven as follows:

Choose B = Byvjvh, where By € Mat(C)** has to be selected such that Tr(Bov|vhvjvh) # 0.
Since B consists of v} and vh, Tr(Bovjvhujv)) = Tr(Bovjvhuivy) = Tr(Bovjvhvyvyy) = 0 VBy €
Mat(C)*** because of Eq. and . Therefore, |00) is linearly independent of the other
vectors. Then there is the possibility of choosing B = Byv}, where By € Mat(C)*** must satisfy
Tr(Byvyuiv]) # 0. Applying Eq. and yields Tr(Bjuvyvgvs) = Tr(Bivjugviy) = 0. If
Tr(Byvhuivg) # 0, we can subtract [00) since we know that it is possible to create |00) linearly
independently. Hence, [10) + ew/10)\’1]01> can also be chosen linearly independent. But B can
be taken such that B = Bav}, where By € Mat(C)** and Tr(Bavjvjvh) # 0. This leads to
Tr(Bavjvjv]) = Tr(Bavjvjvis) = 0 by using Eq. and (6.6). Again, if Tr(Bavjvjvp) # 0, [00)
can be subtracted since |00) is linearly independent of the other vectors. Thus, [20) 4 €720 \}[02)
can be chosen linearly independent. So, the fourth vector is linearly independent of the other
three vectors, and the ground state space is four-dimensional.

6.3 Construction of the Parent Hamiltonian

Now, we construct the parent Hamiltonian of the ground states that we have just calculated.
The parent Hamiltonian is given by the projector onto the orthogonal complement of the ground
state space according to section [2.2}

h=1y, =1-Iyp), (6.9)

where Il gy is the projector onto the ground state space. An orthonormal basis of the ground
state space which was calculated in Eq. is given by

1) = 100) (6.10)

1 i
) = Wiy (y1o> + %o jo1)) (6.11)
1

1 1950 \/
P . — ( 20) -+ "0 X|02) 6.12
9 = s (B0 + o2 (6.12)
1 i I/
01) = < 12)0) + 120 N\ |0(12
4 LemiW1042920) 10120 1 (\21> +aleihs |12>) ) (6.13)
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Therefore, the Hamiltonian can be written as

h =1 —|p1)(p1] — lp2){p2| = lw3) (@3] — [p1) (P4l (6.14)
= [(12)1)((12)1] + [1(12))(1(12)[ + [(12)2)((12)2] + [2(12))(2(12)[ + [11)(11] + |22)(22]

+101)(01] + [10)(10] — % (|10) + ewioxl\on) <<10| + e~ PN, 10|)
+102)(02] + [20)(20] — )\’2 ( +e“9’zoX2\02>> ((20| + e\, 20|)
+1(12)(12)){(12)(12)[ + |(12) 2{((12)0] +[0(12))(0(12)[ + [12)(12| + [21)(21] — |¢p4) (4]

(6.15)
= [(12)1){(12)1] +1(12)){1(12)] + [(12)2){(12)2] + [2(12))(2(12)] + [11){11] + |22)(22]

2)
=50\ [10) ) ( 01] — e\ ¢ 10|)
)

1 <\01>
1+ 2

1 e W )\ e20 )\!
e (102 — e 25120) ) ((02] — €% X5(20]) +1(12)(12))((12)(12)]

+[(12)0)((12)0] +10(12))(0 (12| |12>(12|+|21>(21| |04) (4] (6.16)

Since |(12)0)((12)0]+]0(12))(0 (12)|+|12><12|+]21><21\ is the unity operator on the subspace S :=
span{ |12), |21),|(12)0),|0(12))}, A defined in Eq. is the projector onto the orthogonal
complement of |p4). We search for a way to write A in in the form A = |<,0(1)> <<p(f) |+ \go(f)> <s0(f) |+
]gof)) (cpf’)\ where {\(pf)), i = 1,2,3} is a orthonormal basis of the orthogonal complement of |py4).
For that, we have to find an orthonormal set of three vectors <|<p(j)>, \go(f)% and ‘go(f)>> lying in

the subspace S that are required to be perpendicular to |p4). For that, they have to satisfy the
conditions

(paleM) =0, (6.17)
(pale®) =0, (6.18)
(pale™) =0, (6.19)
WPy =0, (6.20)
(V1) =0, (6.21)
(Pl = 0. (6.22)

As |g057_")> for i € {1,2,3} should be of the form

o) = Bil(12)0) + Ki]0(12)) + mi|12) + G[21),

where f3;, ki, 1i,¢;_€ C, there are 12 independent constants but only 9 conditions (6 from Eq.

li through (6.22) + 3 for normalizations of |90 Y )) Therefore, we have 3 independent con-
stants free, and we choose (1 = 71 = k2 = 0. Conditions (6.17) through (6.19)) yield for
ie{1,2,3)

Y . Y X . - q1
61' + efmﬂ(m)o)\/l /2/% + 61(1910-1—21920)6*219(12)0)\/l'ulflci + e—zﬂ’lz61(19104-27920)6*@79(12)0)\/Q'ulflm -0

(6.23)

= B = —e a0 (X by + € (0102020) TN () el (Va0+2020) /2772) : (6.24)
Applying (1 = 11 = 0, we obtain

81— —eamo ey (6.25)
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and therefore

o1y = &y (\0(12» - e—wéumgxgy(m)m) , (6.26)
where k1 is used for normalization. Conditions through lead to

BiBj + Rirj + G +7my =0 Vi#je{1,2,3) (6.27)
and then substituting Eq. and ko = 0 into Eq. for i =1 and j = 2 leads to

N2 Ny el (V10+2020) 1= (CQ + 67“9/12071?72) =0 (6.28)
= (o= —e Wig 7y, (6.29)
= [2=0 (6.30)
= ¢?) = m (112) — 20721, (6.31)
where 79 is used for normalization. From condition (6.21]) follows
K3 = € 020X, X, Bs (6.32)
and condition (6.22)) gives
s = €207 G. (6.33)
Inserting Eq. (6.32) and (|6.33]) into Eq. (6.24)) yields
g Lq q y
By = _efiﬁ/(lz)o (eiﬁ'(12)o>\/12)\/2263 + 61'(1910-1-21920)#/*1)\/1(:3 (1 + a—?)) (6.34)
_ i(0104+2920) .~ (12)0 IV (14 a2
= By = ‘ W (1ta )C3 (6.35)

1+ A2AP
—ei010+2920) =V az0 X! (1 40~2)
(1+ N2A2) o

=)= <3< (112)0)+ €0 X X 10(12)) + ]21>—|—ei‘9'12a_1|12>>
(6.36)

where (3 is used for normalization.

Substituting A with \go(f)><$05_1)| + !805?))(@5?)\ + !tpf’)ﬂ(p(j’)] in Eq. l) leads to the Hamil-

tonian

h= 1MW+ 10D P+ 102D + 11y (11] + [22)(22]

1 —idg \/ _ o0 )
Y <101> e A1\10>) ((01| et? A1<10\)
1 —i¥5 )/ _ o150 )/
o (102) — e 25]20) ) ((02] — %0 N320])
+ [(12)1)((12)1] + [1(12))(1(12)] + [(12)2)((12)2] + |2(12))(2(12)] + [(12)(12)){(12)(12)].

(6.37)

The desired ground states (6.10)) through (6.13]) are ground states of this Hamiltonian by con-

struction. These are also the only ground states since {|<p5_1)>, |<pf)>, |gof)), lpa)} =: Bis a
orthonormal basis of span{|0(12)), [(12)0),|12),|21)} =: B by construction, and B (and thus B)
is mapped onto the subspace span{]go(f)), |cp(f)>, |g0f’)>} Therefore, the image of h restricted to
B is three-dimensional and the kernel has dimension one. Restricted to the two-dimensional
subspaces span{|10), |01)} and span{|20), |02) }, respectively, the dimension of the kernel of & is
one in each case. In the remaining subspace, h is diagonal and it is obvious that |00) is the only
eigenvector corresponding to eigenvalue zero.
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6.4 Limits \, — 0

Having determined a basis of ground states, we now take the limits of strong bindings \| — 0,
A, — 0 where o = const. of Eq. to study the behavior of the gap in this new model. Taking
the limits yields the possible ground states

Yy =0(B) = Tr(Bujvy)|00) + Tr(Bujv])|10) + Tr(Bvjvs)|20) + Tr(Buvyviy)](12)0).  (6.38)

These states look reasonable since two particles of different types can be placed on a blocked site,
and if both of them want to be as far left as possible, they should be located at the outermost
left site.

Finally, taking the limit \j — 0,\;, — 0 where o = const. of the Hamiltonian in Eq.
and using that \ju/~t — 0 for A} — 0, \; — 0 results in

1
l h =10(12))(0(12 —
B = 1002)(0012) + o

)\, O,a const

(\12> . e—m’lza—l\zw) ((12| W12 0 <21\>

1 -
e (|21) T 6“912a_1\12>> <<21\ e lza—1<12\) L)1)+ [22)(22]
(

+101)(01] + 102)(02] + [(12)1)((12)1] + |1(12))(1(12)]
+1(12)2)((12)2] + [2(12))(2(12)] + [(12)(12))((12)(12)]
=1®|1)A]+1®|2)2|+1®[(12))((12)].

This is consistent with the ground states we obtained from ¢ (B) (Eq. ) since these ground

states are the only ones of this Hamiltonian. So the Hamiltonian acting on a chain where L > 2
is given by

L
H = (I1)(1); +[2){2]: + 1(12))((12)];) -
=2

This Hamiltonian does not contain two-particle interactions anymore, and turning on a pertur-
bation on the first site, acting on both particle types individually as well as on the combined
state (12),

= (D +12)2 + [(2)N(12)) @ 1 (6.39)
to the Hamiltonian yields
L
H':=H+Y =) (I)(: +[2)(2]: + [(12))((12)]s) - (6.40)
i=1

The only corresponding ground state is obviously |0...0). Hence, by extending the model with
an effective new state, we were able to eventually make it stable under blocking. Moreover, we
have found a translation invariant Hamiltonian for the problematic case of two particle types,
only by modifying the boundary. So, unlike before, there is no need anymore for a perturbation
that removes two-particle interactions by manipulating the entire chain.

Even the modified model of PVBS yields, in the case of a vanishing gap, a change in the
ground state degeneracy at the boundary whereas the bulk of the system behaves continuously.
Thus, this discontinuity at the edge cannot be called phase transition.
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7 Conclusion

In this thesis, we have studied the role of boundaries in the classification of one-dimensional
quantum phases and transitions between them. A quantum phase transition is usually referred
to as a discontinuous behavior in a physical system as a whole at zero temperature due to a
change in some external parameter. A common means to test for quantum phase transitions is
to examine the behavior of the gap between the system’s ground state energy and the energy
of the first excited state. This classification via gap yielded for one-dimensional gapped phases
with periodic boundary conditions that there exists only one phase[2, B]. For open boundary
conditions, in contrast, there is a need for finer classifications[4]. Our aim was to test whether
the disappearance of a gap implies a discontinuous behavior in the system and thus a phase
transition in the case of open boundary conditions. For that, we investigated a specific model,
called the PVBS-model.

The PVBS-model is a spin chain consisting of L sites which can be occupied by d — 1 particle
types or the vacuum, and it is based on open boundary conditions. The ground state degeneracy
is given by 2" and n is the number of particles appearing in the ground state space. A special
property of these PVBS is that particles bind to the edges. For that, the total Hamiltonian
depends on positive parameters A; # 1 which describe how strong a particle of type i binds to
the boundaries. Specifically, this means that a value less than one denotes a particle binding to
the left edge, and a value greater than one corresponds to the right edge.

The examination of PVBS regarding the boundaries and possible phase transitions yielded that
in this particular model, the definitions of phase transitions are not totally equivalent. We ob-
served the gap closing which resulted in a change in the ground state degeneracy, but this only
led to discontinuities at the boundary. The bulk of the system still behaved continuously; it even
remained unchanged.

For the cases of both one and two particle types (corresponding to d = 2 and d = 3, re-
spectively), we examined the behavior of the system in the limit of strongest binding to the
left edge, i.e. A; — 0. In this way, we were able to simplify both the Hamiltonian and the
ground states. This allowed us to find a simple path for the Hamiltonian on which the gap
vanished. In particular, the gap’s vanishing was induced by considering various perturbations
that might correspond to e.g. an external magnetic field. Although each only acted on the left
boundary of the system, they were capable of decreasing the ground state degeneracy and thus
representing a type of discontinuous behavior. However, since all ground states only differed in
their occupancies at the boundary, states leaving the ground state space did not cause the bulk of
the system to undergo any changes. Hence, it should by definition not be termed phase transition.

An interesting effect that occurred in the case of one particle type was that, for the right scale
of perturbation strength, the Hamiltonian became translation invariant and thus was of the
same form as the one with periodic boundary conditions. This convenient property could not
be achieved for two particle types owing to certain two-particle interactions in the Hamiltonian.
Therefore, we initially tried to eliminate those by a corresponding perturbation. Unfortunately,
albeit not causing a phase transition, this perturbation had to act on the entire chain.
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Another point of study was to gain knowledge of the long-distance description of PVBS, so we
examined a Renormalization Group transformation and the system’s behavior under blocking.
In this context, blocking means grouping adjacent sites to effective new sites. For one particle
type, the system proved stable under blocking, and the long-distance information contained only
whether a particle binds to the left or to the right edge, disregarding information on the binding
strength. In contrast, the two-particle system turned out to be unstable under blocking insofar
as grouping two sites produced four possible states for the new site instead of three, which would
have been the stable behavior. Therefore, we developed a new form of PVBS. Here, a site could
be occupied by particle type 1, particle type 2, both types, or the vacuum; thus yielding four
possibilities. For that system, similar investigations have been done and led to the same result
of the need for an extended definition of phase transitions.

Besides, this new form of PVBS was also capable of solving the above mentioned problem in
the case of two particle types. So it achieved the desired translational invariance by only taking
influence on the boundary and not on the chain as a whole.

So, all in all we can conclude that, for open boundary conditions, the definitions of phase transi-
tions in one dimension are not equivalent. Depending on which definition one refers to, one may
say a phase transition of the system has been observed or not. In order to avoid that problem of
ambiguity, further positional information should become an essential part of the definition, i.e.
whether only the boundary was affected or the bulk of the system changed discontinuously.

For further investigation, it would be an interesting task to analyze the role of boundaries in
gapped phases in higher dimensions where boundaries are much more complex.
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